3cJ)(j)eKTHBHbie npoTOKOJibi ;i,ji5i 3a;],aHH 

CHHXpOHH3aLI,HH CJIOB C OrpaHHHeHHbIM 
XSMMHHrOBCKHM paCCTOHHHeM. 

HyKJiHH A.K).* 
13 aHBapa 2013 r. 

AHHOTaU,HH 

npeflnojio>KHM, HTO Ha flByx KOMntiOTepax xpaHHTCH (JjaitjiBi, KOTopBie 
B HeKOTopoM CMBicjre noxojKH flpyr Ha flpyra. Tpe6yeTca nepecjiaTB oflHH 
H3 3THX (JjaiijTOB c HcpBoro KOMHBiOTepa Ha BTopoii, nepeflanaa no Kanajiy 

CBaSH KaK MOJKHO MCHBHie flaHHBIX. 

B flaHHOH pa6oTe mbi npHBOflHM o63op peayjiBTaTOB, hsbccthbix fljia 
flaHHoii KOMMyHHKan,HOHHOH 3aflaHH fljia cjiy^iaa, Kor^a paccMaTpHBae- 
MBie (J'aHJiBi "6jih3kh" flpyr k flpyry b cmbicjib paccToanHa XsMMHHra. B 
ocHOBHOM MBI CHCTeMaTHBHpyeM pe3yjiBTaTBi H3BecTHBie panee (nojiy^ien- 
HBie pa3HBiMH aBTopaMH B 1990-x H 2000-x roflax) h o6cy>KflaeM CBa3B 
flaHHoii 3aflaHH c TeopHeii KOflnpoBaHHa, ajrropHTMaMH xsmnpoBaHHa h 
flpyrHMH o6jiacTaMH TeopeTHHecKoii HHtJjopMaTHKH. B OTflejiBHBix cjiyna- 
ax npefljiaraKJTCa HeKOTopBie yjiynmeHHa cyiii,ecTByK)in,HX KOHCTpyKLi,Hii. 

1 BBG^GHHe 

Mbi paccMETpHBaeM saflanH o6 oGMcne HH4)opMaii,HeH MejKfly fleyMH bijIhhc- 

JIIITejIBHBIMH yCTpOiiCTBaMH (flJIH SCHOCTH CKa^KCM — MCJKfly flByMS KOMnblOTe- 

paMH), coeflHHeHHbiMH KanajiOM cbh3ii. HycTb na sthx KOMntiOTepax xpanaTCH 

4)afijlbl X Tl Y COOTBeTCTBeHHO, II 3TII 4)aHJII>I He O^ICHb CIIJIBHO OTJIH^aiOTCH 

flpyr OT flpyra. Tpe6yeTca nepecjiaTb (Jjaiiji X c nepBoro KOMnBiOTepa na bto- 
poii, nepeflasaa no Kanajiy cbhsh xax mojkho MCHBine flaHHbix. PasyMeeTCH, 
MOJKHO npocTO nepeflaTb X c nepsoro KOMntiOTepa na BTopoii 6iit 3a 6iitom. 
O^HaKO MBI xoTHM BOcnojiB30BaTbca TeM, HTO Ha BTopoM KOMHbiOTepe yjKe eCTb 
4)afl:ji Y; sto flaei naM naflejKfly, hto BOSMOJKen ii 6ojiee seJacJjeKTiiBHbiii cnoco6 
penieHHS (Tpe6yioiii;iiH nepeflann MenBinero nncjia Shtob). 

^aHHyio 3a;i,aHy o6bihho nasBiBaiOT aadaueu o cuHxpoHU3aii,uu (pauAoe. Ona 
npeflCTaBjiHCT xax TeopeTiiHecKiiii, Tax ii npaKTHHecKHii iiHTepec. HtoGbi npe- 
flaTB sa^a^e tohhbih MaTeMaTHHecKHii cmbicji, nyjKHO cflejiaTb necKOjiBKO yiOH- 
HeHHii. CjieflyeT yxasaTb, b KaxoM CMbicjie 4)aHjiBi noxoatcu Apyr na flpyra. 

KpOMe TOrO, HyjKHO yTOHHUTb, HaCKOJIBKO CJIOJKHBie BblHHCJieHIIH MoryT npoii3- 

Bo;i,HT o6a KOMntiOTepa, mojkho jih nepe/i,aBaTb no Kanajiy cbhsh /^annbie tojibko 

*MoCKOBCKIIH OnSIIKO-TeXHH^eCKHH HnCTHTyT 
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B oflHOM HanpaBjieHHH, hjih b o6ohx, h3 ckojibkhx payH^OB momcbt coctohtb o6- 
menne MejKfly KOMnbK)TepaMH h t.j^. PasjiHHHbie cnoco6M yTOHHeHiiH ycjiOBnii 
safla^H npHBOflHT k pasHbiM aafla^aM meopuu KOMMyHUKav,uoHHou cAOJfCHocmu. 

JXnsi SojibniHHCTBa npaxTHHecKHx npHMeHeHHfl: 6ojiee a^eKBaTHOH KajKeTca 
Mepa 6jiH30CTH 4)aHjiOB, ocHOBaHHaa na tom hjih hhom BapnanTe pe^aKTopcKoro 
paccTOHHHH. 3a/i,aHa CHHxpoHH3an;HH dpavijiOB c orpanHHenHbiM pe^aKTopcKHM 
paccTOHHHHM H3yHajiacb b [1, 2], a TaKJKe b [3]. OflnaKO GojibniHHCTBO H3BecT- 
Hbix pe3yjibTaTOB othochtch k cjiynaio, Kor^a paccMaTpHBaeMbie cjiafijibi "6jih3- 

Kh" B CMblCJie paCCTOSHHH XSMMHHra (flBOHHHbie CTpOKH OTJIHHaMTCH flpyr OT 

;i,pyra b cpaBHHTejibHO He6ojibmoH flojie no3Hii,Hii). XsMMHHroBCKaH MeipHKa 
KajKCTca Bnojine ecTecTBenHoil b KOHTCKCTe KjiaccHHecKoii TeopHH KOflnpoBa- 

HHH. Hey;],HBHTejIbHO, HTO IIMCHHO ^JIH XSMMHHrOBCKOrO OTHOineHIIH 6jIH30CTH 

fljisi flaHHOH KOMMyHHKaii,iiOHHOH saf^smi nojiyneHbi HaH6ojiee CHjibHbie h Kpa- 
CHBbie pesyjibTaTbi. 

B flaHHOii pa6oTe mm orpaHHHHBaeMCH o63opoM pesyjibiaTOB tojibko fljia 
OTHomeHHH 6jih30Cth b CMbicjie xsMMHHroBCKoro paccTOHHHH. Mbi CHCTeMaTH- 
3HpyeM HSBecTHbie pe3yjibTaTbi jinsi flaHHOii KOMMyHHKai^HOHHolt 3aflaHH (ajih 

;i,eTepMHHHpOBaHHbIX H BepOSTHOCTHblX KOMMyHHKaD,HOHHMX npOTOKOJIOB) , o6- 

pamaa oco6oe BHHManHe na BbiHHCjiHTejiBHyio cjiojkhoctb Hcnojib3yeMbix ajiro- 
pHTMOB. B OCHOBHOM Mbi paccMaTpHBaeM pe3yjibTaTbi, H3BecTHbie no pa6oTaM 
A.OpjiHTCKoro ([4], [5], [G], [T]) h A.CMHTa ([cS]). 

B OT^ejibHbix cjiyHaax mh npHBOflHM HCKOTopbie panee ne nyGjiHKOBaBniH- 
ecH yjiymneHHH KOHCTpyKi^nli KOMMyHHKai^HOHHbix npoTOKOJiOB, Kax nanpuMep 
npoTOKOji 4 fljia pemeHiiH o6o6meHHOii sa^anH NBA hjih ajibTepnaTHBHoe pe- 
nienne BepoHTHOCTHOii saflann CHHxpoHH3aii,HH (yTBep}K;i,eHHe 11). 

1.1 HcTopHHecKHii oSsop H njiaH CTaTtH 

HOHHTHe KOMMyHHKaD;HOHHOII CJIOKHOCTH 6bIJIO BBeflCHO 3.5Io B 1979 rofly B 

CTaTbe [9]. B 1997 ro;i,y Bbimjia KHiira 3.KymHj[eBHD;a h H-Hiicana [1 1 1] c uoppoS- 

HblM irajIOJKeHHeM nOCTaHOBOK 3aflaH, MCTOflOB H OCHOBHblX pe3yjibTaT0B ^aHHOii 

o6jiacTH. TaM >Ke 6biji Bbiflejien TaKoii pa3flej[ KOMMyHHKaii,HOHHOH cjiojkhocth, 
KaK "o6iLi;eHHe c HacTHiHoii HH4)opMaii,HeH" ([10, FjiaBa 4]), k KOTopoMy npHHafl- 
jiejKiiT HsyiaeMaa: HaMH 3aflaHa. SnaHHTejibHbiH BKjia/i, b H3yHeHHe saflanii Bnec 
A.OpjiHTCKHH B CBOHx CTaTbHx, ony6jiHKOBaHHbix B 1990-2000rr^. K HaH6oj[ee 

HOSflHHM flOCTHJKCHHaM MOJKHO OTHCCTH pCSyjIbTaT A.CMHTa [S] (2007 TOf() O 
BepOHTHOCTHOM KOMMyHHKaii;iIOHHOM HpOTOKOJie. IIoSJKe HflBH 113 3T0H pa60TbI 

6bij[H Hcnojib30BaHbi B CTaTbe [11] 2009 ro;i,a ;i,jifl nocTpoenHH seJxJjCKTHBHbix 

"CTOXaCTIIHeCKHx" KOflOB HCnpaBJIHIOniHX OniH6KH. 

^aHHbiii 0630P opraHii30BaH cjieflyiomiiM o6pa30M. B nanajie mm oGcyjK^aeM 
HOCTanoBKy 3a/i,aHH ii /leTepMHHHpoBaHHbiii npoTOKOji ee pemeHna. onTHMajib- 
Hbiii B CMMCjie HHCjia nepeflabaeMbix 6htob (pa3flejibi 2-3). SaieM mm nepexo- 
;i,HM K nocTpoenHio BbiiHCjiiiTejibHO scJxJjeKTiiBHoro npoTOKOjia (pa3flejibi 4-5). 
B pa3flejie 6 o6cy}KflaeTca BepoHTHOCTnaa nocTanoBKa 3aflaHii 11 pasjiiiHiibie aji- 
ropHTMM ee penieHHH. B pasp^ejie 7 npHBe^ena CBO^Ka nojiyneHHbix pe3yjibTaT0B 

H CpaBHeHHe pa3JIHHHbIX ajiropHTMOB. 

yTBepjKfleHHH 1, 2 BCTpeHajiiicb b pa3Hbix pa6oTax h, no-BiifliiMOMy, ne iiMe- 
lOT e;i,HHoro asTopa. TeopeMa 2 o ;i,octh}khmoctii hhjkhch oii,eHKH 6bijia BnepBbie 

^ B ero pa6oTax HcnojibsyeTCH TepMHH "iitiTepaKTiiBHoe o6Lu,eHHe" bmccto xepMiiHa, hc- 
nojibsyeMoro KyniHjieBHi^eM n HHcaHOM. 
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flflKasoMa A.OpjiHTCKHM B 1993 rofly b ero pa6oTe [7]. no3J«e b 2003 ro^y hm 
xce 6bijio flOKasana TeopeMa 1 o neonTHMajiBHOCTH oflHopaynflOBoro npoTOKO- 
jia. YTBepjKfleHHe 3 o KOHCTpyKTiiBHOM peineHHH saflanii NBA hchbho npiicyT- 
CTBOBajio B KHHre 3.KyinHjieBHn,a h H.HHcana ([10]) 1997 ro;i,a, ho ne 6bijio 
HH flOKasano, hh hctko cefjopMyjinpoBano. YTBepiKfleHHe 4 o MO^ii4)Hi];HpoBaH- 
HOH safla^e NBA paccMaTpHsaeTca b flanHoii pa6oTe BnepBbie. YTBepacfleHHe 6 
c Hcnojib30BaHHeM KOflOB, HcnpaBjiHiomHx omH6KH, 6bijio BnepBtie flOKasano 
A.OpjiHTCKHM B 1993 ropy b toh jKe pa6oTe [7]. Hflea iicnojibsOBaTb KOflbi, flp- 
HycKaiomHe fleKOflnpoBaHHC chhckom, o6o3HaHeHa b paSoTe [r ] 2007 ro^a, ho hh- 
KaKoro yTBep>K/i,eHHa anajiorHnHoro 7 b pa6oTe ne npHBOflHTCH. BepoHTHOCTHaa 
HOCTanoBKa sa^aHH BMecTe c flOKasaTejibCTBOM TeopeMbi 3 HCCjie/i,yeTCH b pa6oTe 
A.CMHTa [n] 2007 ro^a. B toh >Ke pa6oTe 6e3 flOKaaaTejibCTBa cj^opMyjinpyeTca 
yTBep>KfleHHe 8. AjibTepnaTHBHaa npe;],ji0JKeHH0H A.Cmhtom KOHCTpyKu,HH Be- 

pOHTHOCTHOrO HpOTOKOJia (yTBepjKfleHHe 11) H KOHCTpyKLi;HH OflHOpayHflOBOrO 
BepOSTHOCTHOrO npOTOKOJia C HCHOJIbSOBaHHCM KOflOB fleKOflHpOBaHHH CHHCKOM 

(yTBcpjKfleHHe 9) paccMaTpHsamTCH b flanHOii pa6oTe BHcpBbie. 

2 Onpe^ejiGHHH h nocTanoBKa sa^ann 

Mbi HanneM c o6ni;ero onpe;i,ejieHHa aa^anH KOMMyHHKan,HOHHOH cjitokho- 

CTH. ynaCTHHKOB KOMMyHHKaH,HOHHOrO HpOTOKOJia Mbl HO TpaflHH,HH HaSblBa- 

CM AjiHCOH H B060M. IlycTb y Ajihcbi iiMceTCH CTpoKa X e {0,1}", a y Bo- 
6a — CTpoKa Y G {0, 1}™. Ilpn stom Ajihcc h Bo6y aapanee HSBecTHO, hto 
Hx BxoflHbie fiaBmAe (cTpoKH X n Y) naxoflHTCH b hckotopom OTHomenHH S. 
HanpHMCp, hsbcctho, hto n ~ m h xsMMiinroBCKoe paccTOHHne MCJKfly 3th- 

MH CTpOKaMH He CJIHHIKOM BCJIHKO. IlyCTb TaKJKC Sa^aHa HeKOTOpaa (J)yHKIl,HH 
/: {0, 1}" X {0, 1}™ — )■ {0, 1}''. B TeOpiIH KOMMyHHKaii;HOHHOH CJIOJKHOCTH H3y- 

nacTCH cjieflyiomaH saflana: 

KaKoe MUHUMaAbHoe KOAUuecmeo 6umoe Heo6xoduMO nepedamb om Aaucu k 
Bo6y u Hao6opom, Hmo6u B06 yanaA SHauenue f{X, Y) ? 

IlpH 3TOM paspemacTCH nepeflaBaTb HH4)opMaii;Hio b o6ohx nanpaBjieHHsx, ho 
He TpeSycTCH, HTo6bi AjiHca ysnajia snaHCHHe 4)yHKH,HH /. Mm 6y;i,eM nasbiBaTb 
^aHHbiii Kjiacc aa^an KOMMyHUKav,uoHHUMu aadauaMu. (B MOHorpacjann KyniH- 
j[eBHH,a H Hncana [10] TaKofl: Kjiacc aa^an nasbiBaeTCH "o6iLi,eHHeM c HacTHHHoii 
HH4)opMaii,HeH" — communication with partial information.) Mbi npe^HOjiaraeM, 
HTO AjiHca H B06 aapanee, emfi ne snaa: X n Y , ;i,oroBapHBaiOTCH o npoTOKOjie 
o6in,eHHH. SaTCM, nojiynHB KajKflbie cboio 6HTOByio CTpoKy, ohh o6MeHiiBaiOT- 
CH coo6ni,eHiiHMH b cootbctctbhh c oroBopennbiM npoTOKOjiOM. B pesyjibTaTC 
SToro flHajiora B06 flOJiJKen onpeflCJiHTb SHaneHHe f{X,Y). KoMMynuKaViUOH- 

HOU CAOJtCHOCmbK) HpOTOKOJia o6ni,eHHH MCJKfly AjIHCOH H B060M Mbi HasbiBa- 

BM KOJiHHecTBO HepeflaBacMbix hmh 6htob (mm cyMMHpycM 6htm, nepeflanHbie 
B oSoHx HanpaB jieHHHx) . KaK npaBHjio, ^jih HOJiyHeniui sepxHiix OH,eHOK na 

K0MMyHHKaii;H0HHyiO CJIOJKHOCTb 3aflaHH flOCTaTOHHO HOfloGnOrO "HHTyHTHBHO- 

ro" onpe^ejieHHa (flOKasaTCjibCTBO BcpxHefi OH,eHKH oSmhho coctoht b npeflTjiiB- 
jieHHH HCKOToporo KOHKpeTHoro KOMMyHHKaii,iiOHHoro npoTOKOJia) . OflnaKO fljia 
flOKasaTCjibCTBa hhjkhhx od^chok (Kor^a mm flOKasbiBacM, mo npoTOKOjiOB Ma- 
jiofi cjio>KHOCTH He cymecTByeT) TpeGycTca hmctb 6ojiee (|)opMajibHoe OHHcanne 
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KOMMyHHKai^HOHHoro npoTOKOjia: 

Onpe/i;ejieHHe 1 (fleTepMeHHpoBaHHBiii KOMMyHHKaii,HOHHijiH npoTOKOji). ^e- 

TepMeHHpOBaHHBIM npOTOKOJIOM *P H3 {0,1}" X {0, 1}™ B {0,1}'" HaSMBaeTCH 

;i,BOiiHHoe flepcBO, KajK^biii BHyTpenHHii yseji v KOToporo noMeneH jih6o 4)yHK- 
i];HeH : {0,1}" — > {0,1}, jih6o ({ayHKi^Heii b^j : {0,1}™ — !> {0,1}, a Kascflbifi 
jiHCT noMe^^eH 4)yHKD;HeH zi : {0,1}™ — > {0,1}'". ^onojiHHTejibHO noTpe6yeM, 
hto6ijI BepiniiHbi, npeflinecTByiomHe jihctbsm, 6bijiH noMeHenbi (JsyHKiiiieii THna 
a, T.K. B Hameii nocTanoBKe OKOHHaTejibHbiii otbct flOjiJKen nojiyHHTb Bo6. 

SnaHeHiie npoTOKOjia *p na Bxo;i,e (X, Y) BbiHHCjiHeTCH o6xoflOM flepcBa h3 
KopHH flo jiHCTa. B KajKflOM BHyTpeHHeM ysjie npHMenaeTCH cooTBeTCTByiomaH 
4)yHKn,Ha k X, by k Y) h, b saBucHMOCTii ot pesyjiBTaia, ocymecTBjiaeTCH 
nepexofl b jieBbiii yseji (ecjiii SHaneHHe (JsyHKi^nH 0) hjih b npaBbiii (ecjin sna^e- 
HHe 1). B jiHCTe Bo6 npHMcnaeT 4)yHKLi;iiio z k CBoeMy Y h nojiy^acT SHaneHHe 
f'{X, Y), KOTopoe flOjiJKHO coBna;];aTb c f{X, Y) npn jiio6bix X ii Y. 

Cjiojkhoctbk) ;],aHHoro npoTOKOjia nasbiBaeTCH rjiy6HHa ^epcBa. 

PaccMOTpHM npoH3BOjibHbiii HyTB OT KopHH K jiHCTy flepcBa. BbiniiineM no- 
pHflOK CMeHbi TiinoB 4)ypiKri,iiH, HanHcaHHbix b npoMejKyTOHHbix ysjiax. Hanpn- 
Mep, 3T0 a,a,b,a,b,b,a, z. HocHHTaeM, kojihhcctbo CMen a na b (hjih na z) h 
Hao6opoT. B HanieM npHMepe sto hhcjio paBHO 5, sna^nT f^aBsoe o6Hi,eHHe npo- 
Hsomjio B 5 payHflOB — b KajK/i,OM paynpfi AjiHca hjih Bo6 MoryT nocjiaTb cpasy 
HecKOjiBKO 6htob. 

Onpe/i;ejieHHe 2 (Hhcjio payiiflOB npoTOKOjia). FoBopHT, hto npoTOKOji *p hb- 
jiaeTCH fc-paynflOBbiM, ecjiH jihdGoh nyib ot KopiiH k flepcBy hmcbt ne 6ojiee k 

CMen THHOB (})yHKD;HII. 

Onpe^ejieHHe 3 (KoMMyHHKaii;HOHHaH cjiojkhocti, saflann). KoMMyHHKaii;H- 
OHHoii cjiojKHOCTbK) 3a/i,aHH HasbiBaeTCH MHHHMajibHafl; cjiojkhoctij npoTOKOJia 
ee pemaiomero. 

B pa6oTax ho TeopHH K0MMyHHKan;H0HH0H cjiojkhocth nacTO Tpe6yiOT, hto- 
6bi HO OKOH^aHHH KOMMyHHKaii,HOHHoro HpoTOKOjia o6a ynacTKHKa (AjIHCa H 
Bo6) yanaBajiH SHaneHHe f(X,Y). 06paiu,aeM BHiiManHe HHTaiejiH, hto b na- 
mcM BapnaHTe OHpeflejienHH tojibko Bo6 o6a3aH ysnaTb pesyjibTaT BbiHHCjie- 

HHH. EcjIH f{X, Y) COCTOHT H3 6ojIbm6rO HHCJia 6hTOB, TO KOMMyHHKan;HOHHbie 

cjiojKHOCTH aaflanii MoryT cymecTBCHHO pasjinnaTbCH b saBHCHMOCTH ot Toro, 
Tpe6yeTca jiii, HTo6bi o6a ynacTHiiKa ysnaBajiH otbct, hjih tojibko oflHH h3 hhx. 

BbeflCM Tenepb onpeflejieniie BeposTHOCTHoro npoTOKOjia: 

Onpe/i,ejieHHe 4 (BepoHTHOCTHbiii npoTOKOji). Kax h b OHpe/^ejieniiH 1 npo- 
TOKOji saflaeTCH flepcBOM. Tojibko Tenepb KpoMe CTpoK X vlY hmciotch TaKJKe 
cjiynaifflbie CTpoKH Va 6 {0, l}*"-* (y Ajihcm) h Vb € {0, 1}*"^ (y Bo6a), h Ka>K- 
flbiii BHyTpeHHHH yseji noMeneH (|)yHKii;HeH a„ : {0, 1}" x {0, l}""-* — >■ {0, 1} jih6o 
hu ■■ {0, l}*" X {0, l}''^ ^ {0, 1}, a KajKflbiH jihct - z; : {0, 1}™ x {0, l}'"^ ^ 

{0, l}*". IIpH 3TOM Mbl TpeSyCM, HT06bI HpOTOKOJI 0mH6ajICH C BepOHTHOCTblO He 

6ojibHie £ (BepoHTHOCTb 6epeTca: no cjiynanHbiM CTpoxaM Va, Vb)'- 
\/{X,Y) G S Prv^.v, [f'iVA,VB,X,Y) ^ fiX,Y)] < e 
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IIpHBefleM TEKJKe flpyroe onpe;i,ejieHHe, KOTopoe HMeeT MeHtinHfl: npaKTune- 
CKHH CMbicji, HO GbiBEeT yflo6HO npH flOKEsaTejibCTBe yTBepjKfleHHii: 

Onpe/i,ejieHHe 5 (IIpoTOKOji c o6ili,hm hctohhhkom cjiyT^afiHOCTii) . KaK h b 
onpeflejieHHH 4 mh HMeeM cjiyHaftHbie cipoKH y Ajihcbi h Bo6a, tojibko na ceft 
pas 3Ta CTpoKa ^jih hhx o6iLi,aH {Va ~ Vb = V) vi BepoHTHOCTb 6epeTCH no V: 

V(X,r) £ S Prv [.nV,X,Y) ^ f{X,Y)] < e 

B 3T0M cjiy^ae y Ajihcbi h Bo6a HMeeTCH HeKOTopaa flonojiKHTejiBHaa o6maH 
HH4)opMaLi;HH, KOTopaa b HeKOTopbix cjiynaHx npHBOflHT K cymecTBeHHOMy no- 

HH}KeHIIIO KOMMyHIIKaD;HOHHOII CJIOJKHOCTH, COXpaHSH npejKHIOK3 BCpOHTHOCTb 

omnGKH. 

Kama ocHOBHaH aa^ana (o CHHxpoHH3aLi;HH (JjaiijiOB c orpaHHieHHbiM pac- 
CTOSHHeM XsMMHHra) jierKO (JjopMajiHsyeics c noMomtio onpeflejieHHa: 1: 

3a/i;aHa 1 (Saflana o cnHxpoHHsai^iiH 4)aHjiOB). IlycTb X nY - GiiTOBbie CTpoKH 
fljiHHbi n, KOTopbie OTjiHHaiOTCH He 6ojiee hcm b an MecTax, T.e. p{X^ Y) < an, 
rfle •) o6o3HaT^aeT paccTOHHHe XsMMHHra. OopMajibHoro roBopa, X n Y 
CBssaHbi OTHonieHHeM 

S = {{X,Y) I p{X,Y) < an}. 
Tpe6yeTCH bbihhcjihtb 4)yHKD;Hio f(X,Y) ~ X. 

npe>Kfle HeM HpncTynHTb k onHcaHHio npocTeHninx KOMMyHHKaH,HOHHbix 
npoTOKOjiOB, Mbi ceJjopMyjiHpyeM eni;e Oflny KOMMyHHKan,HOHHyio aaflany (b ^ajib- 
HefimeM ee penienHe naM noTpe6yeTCH b KanecTBe npoMexcyTOHHoro mara k 
penieHHK) Hainefi ochobhoh safla^ii 1). 

3a/i;aHa 2 (Sa^ana NBA). IlycTb Y ecTb MHOJKecTBO H3 k cipoK^ ;i,jiHHbi n, a X 

— Oflna H3 CTpoK, BxoflHmiix B Y . HTo6bi sa^aTb KOMMyHHKaLi,HOHHyio safla^y, 
ocTaeTCH onpeflejiHTb 4)yHKLi,HK) /. Mbi nojiojKiiM f{X, Y) ~ X. 

OGmenpHHHToe HasBanne aa^aHH NBA (ot National Basketball Association 

— Han,HOHajiijHaH 6acKeT6ojibHaa accon;Han;HH CeBepnoii Amcphkh) o6'bHCHH- 
eTCH cjieflyronieii MeTa4)opoit. XlycTb Bo6 HBjiaeTca 6acKeT6ojn>HbiM Sojiejib- 
ni,HKOM, KOTopbiii nponycTHji nocjieflnioio cepnio nrp. Bnepa Ajinca CMOTpejia 
HOBOCTH H snaeT KaxaH KOMan^a no6eflHjia, ho ne snaex nasBanHH ocTajibHbix 
KOMaHfl, HrpaBinHx b stoh cepHH. Sa^a^^a coctoht b tom, moGm nepeflaTb na- 
SBanne KOMaHflbi-no6eflHTejiH ot Ajihcbi k Bo6y. 

HanBHoe penienne saflann NBA coctoht b tom, htoGbi nocjiaTb CTpoKy X ot 
AjiHCbi K Bo6y. ^annoe peineHne Tpe6yeT nepefla^^H n Shtob iiH4)opMaii,HH. B 
flajibHefiineM mbi yBH^HM, hto npn k mhoto MSHbrneM n sa^ana HMceT ropa3flo 
6ojiee scJxjDeKTHBHoe pemenne. 

^ Mbi no3BOji5ieM ce6e HeKOTopyio BOjibHOCTb pe^H h nonepeivieHHO nasbiBaeM Y CTpoKofi, 
Ha6opoM CTpoK HjiH HeM-TO en],e; jiio6oh KOHCTpyKTHBHiiifl o6t>eKT jierKO 3aKo;i,HpoBaTb b BH/i,e 

;],BOIIMHOii CTpOKH, TaK HTO KOHKpeTHMH BI>l6op npe;],CTaBJieHH5I BXOflHBIX ^^aHHBIX He HMeeT 

Sojibmoro SHaMCHHs. 
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3 ^eTepMHHHpoBaHHbie npoTOKOJiM ^JiH sa^aHH 

O CHHXpOHH3ail,HH (JjailJIOB 

B STOii rjiase mbi HsyiaeM fleTepMHHHpoBaHHym KOMMyHHKan,HOHHyio cjiojk- 
HOCTb fljia aa^aHH 1. Mm nojiyHHM aciiMnTOTHHecKH cosnaflaiomiie BepxHHe h 

HHJKHHe OIl,eHKH H nOKajKCM, HTO aCHMnTOTHHeCKH OnTHMajIbHaa KOMMyHHKa- 

Li,HOHHaH cjiOiKHOCTb B 3T0H saflaHe floCTHraeTCH npoTOKOJiaMH c 3 payn^aMH. 
^onojiHHTejiBHO Mbi o6cyflHM Bonpocbi, CBHsaHHbie c 1-payHflOBbiMH npoTOKOjia- 

MH. IIpH 3TOM Mbl nOKa HHKaK HC OrpaHHHHBaeM BblHHCJIHTejIBHyK) CJIOJKHOCTB 

ajiropHTMOB AjiHCbi H Bo6a (BbiHHCJiHTejibHyio cjioiKHOCTb npoTOKOJiOB Mbl pac- 
CMOTpHM noflpo6HO B cjieflyiomeH rjiaBe). 

yTBep>KfleHHe 1. ffAsi Kaofcdoso a < 1/2 demepMUHupoeaHHasi KOMMynuKa- 
v,uoHHaji CAOjfCHOcmb sadaHU 1 ozpaHUHena CHU3y eenuHUHOu 

H{a) ■ n + o{n), 

zde Hepes H(-) o6o3HaHeHa deouuHasi snmponusi: 
H{p) = -plogp- {1 - p) log(l - p) . 

JJoKaaameAbcmeo. SacjiUKCnpyeM HSBecTHoe Bo6y cjiobo Y . Hpii stom b Ka>K- 
flOM jiHCTe I flepcBa-npoTOKOjia 3a(|)HKCHpyeTCH neKOTopoe snaneHHe Xi — bo3- 
MOJKHbiii npeTCHfleHT Ha cjiobo AjiHCbi. Ho ycjiOBiiio safla^iH X Haxo;i,HTCH b xsm- 
MHHroBCKOM inapc pa^Hyca an c Li;eHTpoM b Y . 3tot map coctoht h3 Vol(Q!n, n) — 
X)fc"o ToneK. IIocKOjibKy KajKflaa CTpoxa fljiHHbi n h3 SToro inapa flOjiJKHa 
6biTb HaniicaHa xoth 6bi b o^hom h3 jiiiCTbeB, hhcjio jincTbeB tie mojkct 6biTb 
MeHbme Vol(an,n). Bbicoxa ^epcBa paBtia niicjiy nepe^aBaeMbix (b xyflnieM 
cjiynae) 6htob, cjieflOBaTejibiio, cjiojKHOCTb npoTOKOjia ne MOJKeT SbiTb MeHbme 
;],BOHi;Horo jiorapHcjDMa micjia jiiiCTbeB Vol(an,n). C HOMom,bio oii,eHKH Cinp- 
jimira neipyflHO nojiymiTb paBencTBO Vol(an, n) = 2^(")"+°("), hto 3aBepmaeT 
flOKa3aTejibCTBO yTBep>KfleHHH. □ 

VTBepxcfleHHe 2. JJ^am Am6o80 a < 1/2 dAJi sadanu 1 cyujt,ecmeyem demepMU- 
HupoeaHHUu odHopayndoeuu KOMMyHUKay,uoHHUu npomoKOA CAOotcHocmu H{2a)- 
n + o{n). 

JJoKaaameAbcmeo. PaccMOTpHM rpaej), BepmiinaMii KOToporo 6yflyT Bce ^boiih- 
Hbie CTpoKH fljiHHbi Ti. J^Be BepmHHbi Mbl coeflHHHeM peGpoM, ecjiH xsMMnnroB- 
CKoe paccTOHHHe MejK^y cooTBeTCTByioiii;HMH CTpoKaMH ne 6ojibme 2an. Tor^a 
CTenenb KajKfloii BepmHHbi Gy^eT paBna Vol(2an, n) — 1 (s^ecb, KaK h b npeflbi- 
;i,ym,eM flOKa3aTejibCTBe, Vol(r, n) oGosnanaeT hhcjio ToneK b xsMMiinroBCKOM 
mape pa^Hyca r b {0, 1}"). 

HecjiojKHO H0Ka3aTb, hto jiio6oh rpacj) CTenenH d flonycKaeT pacKpacKy b 
d+1 ii,BeT, TaK HTO Bce BepmiiHbi, coeflHHenHbie pe6poM, noKpamenbi b pa3HbiH 
ii,BeT (mojkho OKpamHBaTb BepmiiHbi rpaejia b npoH3BOjibHOM Hopa^Ke; fljiH ho- 
KpacKH OHepeflHOH BepmiiHbi mojkct 6biTb ne 6ojiee d orpaHiiHeHHit, naKjiaflbi- 
BaeMbix HOKpameHHbiMH panee coceflHMii, Tax hto Bcerfla mojkho BbiGpaib ii,BeT, 
He Hapymaiom,Hii ycjiOBHa) . TaKiiM o6pa30M, HHTepecyiom,aa: nac pacKpacxa cy- 
m,ecTByeT. Mbi 4)HKCHpyeM opjiy TaKym pacKpacKy h na ee ocHOBe hoctpohm 

KOMMyHHKail,HOHHbIH HpOTOKOJI. 

IIo OHpeflejieHHio namero rpaejja, jiio6bie BepmHHbi b npe^ejiax o^Horo x3m- 
MHHroBCKoro mapa paflnyca an OKa3biBaiOTCH HOKpamenbi b pa3Hbie n,BeTa (t.k. 
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paccTOHHHe MejKfly hhmh hc 6ojibme flHaMeipa mapa, T.e. 2an) . Tenept HecjiojK- 
HO nocTpoHTb npoTOKOji. AjiHca nocbijiaeT Bo6y n,BeT CBoero cjiosa X. Ilocjie 
3Toro Bo6 HaxoflHT cjiobo yKaaanHoro ii,BeTa b an-OKpecTHOCTH CBoero cjiOBa 
Y H oflHOSHaHHO BOCCTanaBjiHBaeT X . ITpH stom nepecbijiaeTCH log(rf + 1) = 
log Vo1(2q;7i, n) = H(2a) ■ n + o{n) 6htob, hto h TpeGoBajioct flOKasaTb. □ 

Bo3HHKaeT ecTecTBeHHbiii Bonpoc. Mojkho jih cymecTBeHHO yjiyHniHTb STy 
OLi,eHKy? B pa6oTe [ I „'] A.Opjihtckhm 6bijia flOKaaana cjieflyiomaa: TeopeMa: 

TeopeMa 1 (A.Opjihtckhh). /I^am aw6ozo < a < ^ cywficmeyem /3 > 0, ma- 
Koe umo dAJi docmamoHHO 6oA'bmogo n CAOCHCHOcrrib odHopayndoeozo npomoKOAa 
6ydem He MCHbiue, hcm (1 + /3) log Vol(an, n). 

TaKHM o6pa30M, ^octhhb HHJKHeii rpanH na oflHopaynflOBbix npoTOKOjiax 
HeBOSMOJKHO. C flpyroH CTopoHbi, BejiHHHHa /3, HcnojibsyeMaa b oijeHKe, ne 
oneHb BejiHKa: npH a, CTpeMHineMCH k nyjiio, /3 ctpcmhtch k Hyjiio npHMep- 

HO C TOit JKe CKOpOCTBK). 

^ajiee mbi noxajKeM, ^no cymecTByeT KOMMyHiiKamiOHHbiii npoTOKOji, acHMn- 
TOTH^ecKH floCTHraiomnH HHJKHeii OLi,eHKii yTBepjKfleHHH 1. 06meHHe MejKfly 

AjIHCOH H B060M B 3T0M npOTOKOJIC 6ypfiT npOHCXO;];HTb B TpH payHfla. ^JIH 

nocTpoenHH SToro npoTOKOjia mbi BOcnojibsyeMCH jiOKajibHoii jieMMOft Jlosaca 
[13]: 

JleMMa 1 (JIoKajiBHaH jieMMa JIoBaca. CHMMeTpHHHbiii cjiynafi) . Uycmb 
Ai, A2, ■ . ■ 1 An — co6wmuH e npouseoAbHOM eeponmHocmHOM npocmpaHcmee. 
Uycmb Kaofcdoe co6umue Ai esauMHO neaaeucuMO co bccmu co6wmuHMU, sa 
ucKAwueHueM ne 6oAee hcm d co6umuu Aj. Uycmb maKcnce P{Ai) < p Bam 
ecex 1 < i < n. Ecau npu smoM 

ep(d+ 1) < 1, 

mo eepHO HcpaecHcmeo: 

p[\a^>q, 

m.e. c HCHyAceou eepofimHocmbw ne eunoAHCHO hu odno us A^. 

^OKasaxejibCTBO stovl jieMMbi mojkho naiiTH, nanpiiMep, b [14]. 

TeopeMa 2 (A.Orlitsky). /(aji sadanu 1 cymecmeyem mpexpayHdoeuu npomo- 
KOA c KOMMyHUKav,uoHHOu CAOotcHocmbw U {o) ■ n + o(n). 

JJoKaaamcAbcmeo. ITpoTOKOji 6y;i,eT cocTOSTb h3 flbyx nacTeii. B nepBoii ^acTH 
AjiHca nocbijiaeT Bo6y neKOTopyio x3m-4)yHKLi,Hio ot CBoero cjiOBa (naaoBeM ee 
SHaneHHe v^eemoM cjiOBa, htoGm ne nyiaTb c flpyrHMH x3in-4)yHKn,HHMH, koto- 
pbie noHBHTCH B ^OKasaTejibCTBC no3>Ke). B06 onpeflejiaeT Kpyr npeTCHfleHTOB 
Ha CJIOBO X (cjiOBa TaKoro jkc n,BeTa, hto h A", HaxoflamnecH b an-OKpecTHOCTH 
Y). TaKHx cjiOB flOJiiKHO 6biTb HeMHoro (b naineM npHMepe 3to 6yfleT neKOTopoe 

Hiicjio k = O ^ n J ) • BTopoii HacTH AjiHca c B060M pemaiOT sa^a^iy NBA 
(Ham npHMCp 2 f^jisi yKasannoro SHaHCHHH k). 
OnimieM uoppoSno o6e nacTii npoTOKOjia: 
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1. ^OKajKCM cymecTBOBaHHe pacKpacKH x pasMepa^ V = Vol(an, n) TaKoii, 
HTo6bi B KajKflOM x3MMHHroBCKOM Hiape Wi paflHyca an cjiob KajKfloro 
Li,BeTa 6bijio He 6ojiee k. J\w SToro cjiynaftHbiM oGpaaoM noKpacHM KasK- 
flyio Bepmnny b OflHH h3 |x| n,BeTOB. 

IlycTb Ai o6o3HaHaeT HpoTHBonojiojKHoe co6biTHe: b mape Wi HafifleTCH 
D;BeT, npeflCTaBHTejieii KOToporo 6ojiee, HeM k. Tor^a Bepno HepaBencTBo: 

p{A.) < c^ ^ . ixi 

06o3HaHHM npaByio nacTb sto nepaBencTBa nepes p. 

Ka»y],oe H3 co6i>iTHH Ai 3aBHCHT He 6ojiee, HeM ot V2 ^ 1 APyrnx coGbithh 
Aj^ rfle V2 = Vol(2an,n). SannmeM ycjiOBHe jiOKajibHOii jieMMbi JIoBaca 
(jiCMMa 1): 

epV2 < 1 

BcnoMHHaa, ^^eiwy paBen MHOJKHTejib p, nepenHineM sto HepaBCHCTBO b 
BHfle 1x1'°^^ ^ eCyV2. HanoMHHM, hto mh xothm HafiTH pacKpacKy h3 V 
H,BeTOB. TaKHM o6pa30M, ycjiOBHe jieMMbi JIoBaca npHHHMacT bh^ 

V^-^ > eC^V2 

^ajiee mh npeo6pa3yeM sto nepaBencTBO k 6ojiee yflo6HOMy BH^y. Ot 3a- 
MeHbi Cy Ha ^ HcpaBeHCTBO CTanei tojibko CHjibnee. Ilocjie coKpameHHH 
nojiyHacM k\ > eVV2. Eme pa3 orpy6HM name HepaBencTBO, 3aMeHHB fc! 
Ha (^) ; ycjiOBHe h3 jicmmbi JloBaca HpHHHMaeT bh/i, (^) > eVV2. Boc- 
nojibsyeMCH tbm cjaaKTOM. hto \ogV — H{a)n + o{n). Ilocjie jiorapH4)MH- 
poBaHHH BHflHM, HTO floCTaTOHHO HOTpeGoBaTB BbinojiHeHHs HepaseHCTBa 

A:(logA:-loge) > {H {a) + H {2a) + o{\))n ^ log e (1) 

riojiojKHM k — c- [3^. Tenepb bii^ho, hto mojkho Tax Biji6paTij KOHCTanTy 
c, hto6h HepaBencTBO (1) BbinojiHsjiocb fljis Bcex floCTaTOHHO 6ojii>inHx 

71. 

TaKHM o6pa30M, fljia BbiSpanHoro k jiOKajibHaa; jiCMMa JIoBaca yTBepjK^a- 
eT, HTO cymecTByeT pacKpacKa, npH KOTopoii ne BbinojiHeno hh o^ho h3 
yTBepjKfleHiiii Ai — hto naM h nyjKHO. HocKOjibKy cymecTBOBaniie pac- 

KpaCKH C HyjKHblMH CBOIICTBaMII flOKa3aHO, MOJKPIO HailTH OflHy H3 TaKHX 

pacKpacoK nepe6opoM. Bxa pacKpacKa (J)HKCHpyeTCH sapanee (ona CTaneT 
HacTbK) KOMMyHHKan,HOHHoro npoTOKOjia). 

Tenepb mbi roTOBbi onHcaTb nepBbift paynfla npoTOKOJia. Oh coctoht b 
TOM, HTO AjiHca nocbijiaeT Bo6y Li,BeT CBoeft CTpoKH. J^Jisi SToro Tpe6yeTCH 
nepe^aTb log |x| = H{a)n + 0(71) 6htob. 

2. Ilocjie Toro, Kax Bo6a y3Haji n,BeT CTpoKH Ajihcbi, b ero pacnopHJKCHHH 
HMecTCH k ~ c ■ j^^^ npeTeHflCHTOB na cjiobo X. Mbi OKa3biBaeMca b 
ycjiOBHax 3a^aHa NBA. B [10] h [lo] mojkho naiiTH neKOHCTpyKTHBHbie 
peineHHs stoh 3aflaHH. HpHBefleM nanGojiee npocToe h3 hhx. 

^ Vol(on, n) — oSteM xsMMHHroBCKoro mapa pa^Hyca an. 
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JleMMa 2. Cymecmeyem ceMeucmeo us m = 0{nk) x9m-cjjyHKV,uu 

F: {0,ir^{l,...,fc'}, 

m.H. Oam Am6o30 uaBopa U3 k npemeHdeHmoe e amoM ceMeucmee Haiidem- 
CH (fiyHKVflLsi, Komopaji He UMeem koaausuu (deyx odunaKoeux SHaueHuu) 
Ha smoM Ha6ope. 

JJoKaaameAbcmeo. IIojiojkiim b ~ . Bbi6epeM cjiy^iaiiHO m 4)yHKD;Hii 

H3 {0, 1}" B {1, ...,&} H nOKajKCM, HTO C nOJIOJKHTejIbHOit BepOaTHOCTbK) 

TaKoe ccMeitcTBO o6jiaflaeT HyjKHBiM naM cbohctbom. 

JIjih (JjHKCHpoBaHHoro Ha6opa npeTCHfleHTOB A BepoHTHOCTb Toro, hto 
cjiynaiiHO BbiGpannaH (|)yHKi],HH ne HMeeT kojijihshh na stom naGope, ne 
MeHbine 

6 5-1 



h h b - \ bj \ kj - A 

3tO 3HaHHT, HTO BepOHTHOCTb TOrO, HTO Bce m 4)yHKn,Hii HMCIOT KOJIJIHSHK) 

Ha flannoM Ha6ope, ne npcBOCxofliiT (|) . OcTaeTca npocyMMHpoBaTb 
flannyio BepoHTHOCTb no BceM bosmojkhbim Ha6opaM h3 k npcTenfleHTOB 
(TaKHx Ha6opoB He 6ojiee 2"*^). TaKHM oSpaaoM, BepoHTHOCTb Toro, hto 
cjiynaiiHO Bi>i6paHHi>iH Ha6op 4)yHKH,Hii ne yflOBjieTBopaeT ycjiOBHio jicm- 
Mbi, He HpeBOCxoflHT 2"'^ • (I) . IIpH noflxoflHm,eM Bbi6ope m (nanpHMep, 

TO = Snfc) 3T0 HHCJIO MCHbrne eflHHHD;bI. □ 

Mbi CHHTaeM, HTO HCKOTopoe ceMeiicTBO x3m-4)yHKD;HH, yflOBjieTBopaio- 
m,Hx ycjiOBHio JleMMbi 2. naii/^eHO nepe6opoM (h 6yfleM HcnojibsOBaTb ero 
B npoTOKOjie). 

BTopoii payHfl KOMMyHHKan;HOHHoro npoTOKOjia coctoht b tom, hto Bo6 
Haxo;i,HT noflxoflan;yK) x3m-4)yHKD;Hio h3 ceMeiiCTBa (6e3 kojijihshh na 
MHOJKecTBe npeTeHflCHTOB) h nijieT ee HOMep AjiHce. B TpeTbeM payn^e 
AjiHca B03BpaHi,aeT 3HaHeHHe STOii 4)yHKD,HH na CBoefl: CTpoKe. ITpH stom 
OT Bo6a K AjiHce nepeflacTca: log m = 0(log n) Shtob, a ot Ajiiicbi k Bo6y 
log(fc^) = O(logn) 6htob. 

Bcero b npoTOKOjie nepe/i,aeTca H{a)n + o{n) 6htob, h.t./i,. □ 
TaKHM o6pa30M mbi bh^m, hto 3 payH/i,a Bcer/i,a floCTaTOHHO pjia floCTHJKe- 

HHH OHTHMyMa B CMBICJie KOMMyHHKan,HOHHOH CJIOJKHOCTH. 

PP CHX HOp MBI HHTepeCOBajIHCb TOJIBKO KOMMyHHKan;HOHHOH CJIOJKHOCTBK) 
HpOTOKOJia H He paCCMaTpHBajIH BBIHHCJIHTejIBHyiO CJIOJKHOCTB ajiropHTMOB AjIH- 

cbi H Bo6a. ^ajiee mm 6yfl,eM paccMaTpHBaTB euHucAumeAbHO a^^eKmuenue 

HpOTOKOJIBI (fleTepMHHHpOBaHHbie H BepOSTHOCTHBie) . 



4 34)4)eKTHBHoe pemeHHe sa^ann NBA 

B 3T0H HacTH MBI HeHaflOjiro OTBjieneMca ot 3aflaHH CHHxpoHH3aH,HH h o6pa- 
THMCH K 3aflaHe NBA (npHMep 2). Hcnojib3yH H;i,eH h3 pa6oTbi [Kt], mbi nocTpo- 
HM nojiHHOMHajiBHMH HpoTOKOJi, KOTopbiH peniaeT 3Ty 3aflaHy. IIojiyHeHHbiH 
ajiropHTM noHaflo6HTCH naM b /^ajiBHefinieM pjia penienHH ochobhoh sa^aHH. 

fljiH nanajia ceJjopMyjiHpyeM TeopeTHKO-HHCjiOByio jieMMy: 
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JleMMa 3 (06 acHMnTOTHKe nepBoii 4)yHKri,iiH He6biineBa) . 0yHKv,uji He6ume- 
ea 

p<a:, p-npocmoe 

UMeem CAedymtmim acuMnmomuKy: 

'd{x) = X + o(x), npu a; — ^ 00 
/J^OKaaameAbcmeo. ^OKasaTejibCTBO mojkho HaflTii, nanpiiMep, b [17]. □ 

JleMMa 4. nycm-b dano MHOc^tcecmeo U paaMepa* m u paccMampueammcsi ezo 
eceeosMOMCHue nodMHOOHzecmea S pasMcpa k. Tozda cyinecmeyem ceMeucmeo 
x3m-(fiyHKV,uu : ?7 — >■ {1, . . . , fc^ log m} paajuepa ne 6oAee fc^ log m, maKoe nmo 
dAsi Mm6o30 S HaUdemcH x9m-cfjyHKV,UJi us amoao ceMeucmea, Komopasi ne UMe- 
em KOAAUsuu na S {m. e. ee ozpaHUHCHue na S eaauMHOodHOSHauHo) . 

EcAU donoAHumeAbHO nompe6oeamb, Hmo6u MHOotcecmeo U cocmoHAO us 
l-3HaHHUx HuceA, mo euHUCACHue xsm-cjiyuK'nuu na SAeMenme x ^ U npouseo- 
dumcsi sa epeMH 0{P). 

Upu 3moM no cnucKy SAeMenmoe S modkho naumu e dauHOM ceMeucmee 
mpeSyeMym x9m-cf}yHKy,um sa epeMM 0{k'^P log m). 

floKasameA'bcmeo. HpHBefleM flOKaaaTejibCTBO, ocHOBanHoe na iifleax h3 pa6o- 
Tbi [10]: 

By^eM CHiiTaTb sjieMCHTbi U HaTypajibHbiMn HucjiaMH ot 1 pp m. IlycTb 
S = {xi, . . . ,Xk}- 06o3HaHHM t = ni;>j(^« ~ ^i) m^'', OTcro^a cjie;i,yeT, hto 
logt < C^logm < fc^logTO. H3 JleMMbi 3 mh snacM, hto jiorapncJjM npona- 
BefleHHH npocTbix Hiiceji, MenbinHx A^, ecTb TV + o{N). OTCio;i,a cjie^yeT, hto 
o6H3aTejibHO HaiifleTCH npocToe hhcjio q, MeHtmee N — fc^ log m, KOTopoe ne 
Bxo^HT B pa3Jio>KeHHe t Ha npocTbie mho^khtcjih, t.c. ne p^jiwi t. 3to 03HaHaeT, 

HTO 4)yHKLl,HH fq{x) = X Hiod q HBJIHeTCH 6HeKLi;HeH Ha S.^ IlpH 3T0M Mbl BH;I,HM, 
HTO BblHHCJieHHe 3T0H 4)ypIKri,IIH He CJIOJKHee BblHHCJieHHH OCTaTKa HO MO;i,yjHO, 
CJIOJKHOCTb KOTOpOrO flJIH ^-3HaHHbIX HHCCJI CCTB 0{P). 

JIjir HOCTpocHHH KOHKpeTHoro q Mbl npoflejibiBacM ajiropHTM peniCTa 3pa- 
TOC(J)eHa^ H HaxoflHM Bce npocTbie HHCjia MeHbinne N ~ k"^ log m (3a BpeMs 
0(A^/ loglogiV)). SaTBM fljiH aasKflpvo npocToro nncjia npoBepaeM, HBjiHeT- 
CH jiH HOjiyneHHaH 4)yHKn,Ha B3aHMHO-oflH03HaHHOH (na sto TpeSyeTCH 0{kP) 
BpeMCHH H 0{kl) naMHTH). HTaK, cyMMapHoe BpcMH orpamiHCHO BejiHHHHOit 
0{NkP) = 0(fc3/2 logm), H.T.fl. □ 

yTsepjKfleHHe 3. Ilycmb Aaucu u B06 pemamm sadauy 2 (NBA), e Komopou 
y Bo6a ecmb k cmpoK dAUHU n Kamcdasi. ffAsi amoii sadanu cyujt,ecmeyem noAU- 
HOMuaAbHUU deyxpayndoeuu npomoKOA c KOMMynuKWuuoHHOu CA0MCH0cmt>K> 

C <2 \og{k^n) + 0(1) = 2 log 71 + 4 log fc + 0(1) 

Upu 3moM euHUCAumeAtiHasi CAOMCHOcmti Sam Bo6a ecmb 0(k^n^), a Sam Aau- 
cu 0{'n?). 

* B eamHx saflanax o6biHHO pasMep MHOjKecTBa m = 2". 

^ Hepes X mod q SyfleM Sflect h flanee o6o3HaHaTi> ocTaTOK ot flejieHHH x na q. 
6 Cm. [18], 
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JJoKasameAbcmeo. PAVUfl, 1. Bo6 noflGnpaeT npocToe hhcjio q, cymecTBOsa- 
HHe KOToporo rapanTiipyeT jieMMa 4, h nocbijiaeT sto g AjiHce. 

PAVH/]^ 2. AjiHca BbiHHCjiaeT SHaHeniie fq{X) = X mod g h nocbijiaeT ero 
Bo6y. Bo6 BbiHHCjiJieT anaieHiie /g(-) ot Bcex cbohx Xi h onpeflejiaeT ajiHCHH 
X. 

B 3T0M npoTOKOjie b KajK/i,yio CTopony nepe/i,aeTca: ^^hcjio 6iitob paBHoe 
logg < log(fc2n) + 0(1). 

BbiHHCJiHTejiBHaH cjiojKHOCTb f^jisi Bo6a cocTOHT B noHCKC Tpe6yeMoro npo- 
CToro HHCJia q (cjiojkhoctb 0{k^n^ log2") — 0{k^n'^)) h b BbiHHCjieHHH xsm- 
(i)yHKn,HH OT Bcex CBOHX k CTpoK (cjiojkhoctb'' 0{kn'^)). ^Hjih Ajihcbi jkc sto 
jiHnib Bbi^HCjiCHHe OflHOii x3m-4)yHKn;HH ot CBoeit CTpoKH — O(n^). □ 

SaMeTHM, HTO HpH HpocTOH HepeflaHC cjiOBa OT AjiHCbi K Bo6y HaM HOTpe- 
6oBajiocB 6bi nepeflaTb 3KcnoHeHD;HajibHO 66jHjmee kojihhcctbo 6htob. 

CjieflCTBHe 1. Hacrrib 2 (emopou u mpemuu payndu) e npomoKOAe U3 ymeep- 
QfcdeHUJi 2 Mootcem Burnt) ocymecmeAeHa KOHcmpyKmueHO. 

KoMMyHUKauuoHHaH CAOjfCHOcmb dmoil uacmu 6ydem Oflosn), a euuucAU- 

y log^ n log n J ^ ' 

/JoKasameAbcmeo. Jl^nsi STOro nyjKHO pemaTb sa^a^y NBA KaK noKasano b 

yTBCpjK/ieHHH 3. □ 



B KanecTBC 6oHyca paccMOTpHM o6o6iii,eHHe 3a;;a^H 2 (NBA) . npn KOTopoM 
y AjiHCti ecTb ne Oflna CTpoxa fljumu n, a / CTpoK (nanoMHiiM, hto y Bo6a b na- 
jiHHHH HMecTca k CTpox) H Bo6 xo^iCT yanaTb Bce sth I CTpoK. HanpHMcp, Ajiiica 
SHacT HasBaHHs KOMaHfl, npomefliniix b HeTBepTb4)HHaji ii xohct coo6iii;htij hx 
Bo6y. 

OHeBiiflHbiM peincHHeM 6ijIjio 6bi TaKoe, npH KOTopoM AjiHca h Bo6 npocTO 
I pa3 noflpHfl npHMeHHiOT npoxoKOji h3 yTBepjKfleHHs 3. KoMMyHHKaii,HOHHaH 
CJIOJKHOCTB TaKoro npoTOKOjia 6Bijia 6bi C < (2 log n+A log k)-l+0{l). npo6jieMa 
SToro penieHiia b tom, hto ot Ajihcbi k Bo6y nepeflaiOTCH cjiimiKOM 6ojiBmHe 
x3ni-3HaHeHHH. noKaJKCM, HTO fljisi n, MHOro 6ojiBmHX fc, mbi mojkcm yjiyHniHTB 
3Ty oii,eHKy. ^jih 3Toro, npaBfla, HaM npiifleTCH nepeiiTH k BcpoHTHOCTHOMy 
HpoTOKOjiy (oHpe/i,ejieHHe 4) c nyjieBoii BcpoaTHOCTBio omH6KH e = 0. 

JieMMa 5 (O BTOpHHHOM xsniHpoBamiH) . Ilycmb dano MHomcecmeo U' pasMC- 
pa m' = V — 1 (v — npocmoe) u paccMampueawmcji ego eceeosMoatcHue nod- 
MHOotcecmea S' paaMepa k. PaccMompuM ceMeucmeo omo6pacnceHuu hs[x] ~ 
(sx mod v) mod 2k^, zde < s < m' aadaem HOMep (fiyHKV,uu ewympu ceMeu- 
cmea. Tozda ecAU mu 3a(fiuKcupyeM HCKomopoe KOHKpemHoe MHOcucecmeo S' , 
mo KaK MUHUMyM noAoewm (pyHKV,uu U3 smozo ceMeucmea ne 6ydem UMemb 

K0AAU3UU Ha S' . 

/loKa3ameAbcmeo. ^OKa3aTejiBCTBO flaiiHoro yTBepjKflCHiiH mojkho naitTH b [16, 
Corollary 4]. □ 

TenepB mbi mojkcm ccjjopMyjinpoBaTB yTBepsKfleniie (cpaBHiiTC c yTBepjKfle- 
HHeM 3): 

^ BcnOMHHM, MTO EMMHCJICHHe OCTaTKa flJIH n-SHa^HMX "^HCejI npOHCXO^IIT 3a BpeMH O(n^) 
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yTBep>KfleHHe 4. /(mji paccMompeHHOu Modu^uKai^uu aadanu NBA cyiu,e- 
cmeyem npomoKOA c KOMMyHUKai^uoHHOu CAoatcHocmbm 

C < 2 log n + {21 + 4) log k + 0{l) 

9mom KOMMyHUKaViUOHHUU npomoKOA eeposimHocmHuu: e aAzopuruMe Bo6a 
ucnoAhsymmcsi CAyuauHue 6umu. Upu amoM omeem, noAyuaeMuu e pesyAb- 
mame eunoAHenufi npomoKona, ecesda KoppeKmen (eepofrniHocmb omu6KU ny- 
Aceasi), a hucao nepecuAacMux 6umoe He aaeucum om eunaemux CAynauHux 
6umo6. 

Cpednee epcMsi pa6omu Sasi Bo6a paeno 0{k^iT') (ycpedneHue 6epemcfi no 
CAynauHUM 6umaM). Aaucu ucnoAbsyem demepMCHupoeaHHWu, aAzopuruM, ko- 
mopuu eunoAHSiemcM 3a epcMsi 0{ln^). 

floKaaameAbcmeo. PAVH/]^ 1. Bo6 nofl6iipaeT npocToe hiicjio g, cymecTBOBa- 
Hiie KOToporo rapanTHpyeT jieMMa 4. Ilocjie SToro mbi ot iicxoflHoro MHOJKecTBa 
U pasMepa 2" nepexo^HM k MHOJKecTBy bbihctob no MOflyjiio q, T.e. k MHOJKecTBy 
U' pasMepa /c^ • n. ^ajiee Bo6 nanHHaeT cjiynaiiHO Bi>i6HpaTb noMcp s d^ym<j\wL 
H3 ceMeiicTBa {/is}, o KOTopoM h^bt pent b jicmmc 5, h npoBepaeT, hto flan- 
naa 4)yHKii;Ha ne flaei kojijihshh. Cpednee BpeMH, KOTopoe oh noTpaTHT na STy 
npoii;eflypy, npejKfle ^^eivi floCTHrneT ycnexa, Gy^eT paBHo: 

oo 

^ — - i -Oik -11^)^2 ■ 0{k ■ n^) = 0{k ■ n^) 

1=1 

Ilocjie 3Toro Bo6 nocbijiaeT Ajiiice napy Hiiceji {q, s), hto cocTaBjiHCT 2 log(fc^- 
n) + 0{1) 6htob. 

PAVH/l^ 2. AjiHca, nojiy^^HB ot Bo6a ^^HCjia q h s, BbinHCjiHCT ot cboiix I 
CTpoK 4)yHKi];Hio x — > hs[x mod q] , h nocBijiaeT 3th / snaHenHH Bo6y. PasMep 
Ka}K;i,oro SHai^eHiiH — log(2fc^) (b CHjiy jicmmbi 5) h BbiHiicjiaeTCH oho 3a BpcMs 
0(n2). 

JlerKO BHfleTb, ^^to stot ajiropHTM yflOBjiCTBopHCT Tpe6yeMbiM OLi;eHKaM. □ 

HiaK, HcnojibsyH HflCH xsmnpoBanHH, mbi nojiy^HjiH peineHHe saflanii 2 bmc- 
CTe c ee o6o6iLi;eHHeM, a TaKJKe npoflBHnyjiHCb na nyTH k nojiynenHio KoncTpyK- 
THBHoro npoTOKOJia fljia aa^anH 1. 

5 CBaSb C TeopHGH KO^HpOBaHHH 

5.1 Koflbi, HcnpaBJiaioiii,He oiuhGkh 

B yTBepjKfleHHH 2 Gbiji npe/itaBjieH HeKOHCTpyKTHBHbiii o/];HopayH;i,OBbiii 
npoTOKOji c KOMMyHHKaii,HOHHOH cjiojKHOCTbK) C = H {2a) ■ n + o(n). Mo>KHO 
jiH cflejiaTb ero KOHCTpyKTiiBHbiM? OKasbiBaeTca, hto b neKOTopbix cjiy^aax 
3TO MOJKHO cflejiaTb, Hcnojibsya KOflbi, iicnpaBjiHiomHe omH6KH ®. 

Onpe/i,ejieHHe 6. Ko^om c napaMCTpaMH {a, R{ct)) 6yfleM nasbiBaTb ko/i,, hc- 
npaBjiHiomHH nacTb ohihGok, paBnyio a, h HMeromnfi CKopocTb R{a) (i.e. cjiobo 

;i,JIHHbI n KOflHpyeTCH CJIOBOM flJIHHbl -j^^ ) ■ 

3TOH rjiase mm 6y^eM nojii>30BaTi>C5i CTaH^apTHOH TepMHHOjiorHefi TeopHH KO/i,iipoBa- 
HHH. OnpeflejieHHa KOfla, jinneHHoro KOfla, KOflOBoro paccTOHHHH, h T.n., cm., nanpHMep, b [19]. 
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PaccMOTpHM flse KOHCTpyKD;HH, ocHOBaHHbie Ha KOflax, HcnpaBjiHiomHx omH6- 

kh: 

yTBepxcfleHHe 5 («rpy6aH KOHCTpyKLi;HH»). Ilycmb UMeemcji ceMeucmeo cu- 
cmeMamuuecKux Kodoe^ , c napaMempaMU {/3,R{/3)). Tozda no HCMy modkho 
nocmpoumti odHopayudoehiU KOMMyHUKav,uoHHUu npomoKOA pemenuH sada- 
Hu 1 c KOMMyHUKauflioHHOu CAOMCHOcm'bK) C ~ — l) • ??, zde r — Kopewb 
ypaencHUH^'^ 

r ~ R[ar) 

Upu amoM euHUCAumeAtiHasi cAoatcHocmb noAyueHHoao aAzopuruMa paena eu- 
HucAumeji'bHOu cjiooKHOcmu ajidopuruMa Kodupoeanusi/deKodupoeaHUM coomeem- 
cmeyioineao Koda. 

/(oKasamejihcmeo. nycTt hmciotch ctpokh X y Ajihcbi vl Y y Bo6a KaK b 3a- 
flane 1. PaccMOTpHM cjieflyiomHii npoTOKOJi: 

AjiHca. AjiHca npHMenaeT k CBoeMy X ajiropHTM KOflHpoBanHH fljia KOfla c ar 
omnGKaMH. IIpH stom nojiynaeTCH KOflOBaa: CTpoKa fljiHHbi = 7 , nepBbie 

n 6htob KOTopoii coBna^aiOT c 6iiTaMH X. CjieflyiomHM cboiim maroM AjiHca 
nocBijiacT Bo6y ocTaBniHecH ^ — n 6htob. 

B06. B06 nojiynaeT ot Ajihcbi ^ — n 6htob h npnnHCbiBaeT iix b KOHii^e CBoero 
Y . Ilocjie 3Toro oh ipaKiyeT nojiy^eHHoe cjiobo, KaK KOflOBoe cjiobo Ajihcm c 
"omH6KaMH", KOTopbie KaK 6yflTO 6bi bhcc Kanaji c inyMOM. Jlpnsi laKHx "oniH- 
6ok" b cjiobc 6yfleT paBna = ar, h c hhmh ycneniHO cnpaBiiTCH ajiropHTM 
fleKOflHpoBaHna ^jih HcnojibsycMoro KO^a. PesyjibTaTOM pa6oTbi ajiropHTMa 6y- 

flCT HBJISTbCa ajIHCHHO CJIOBO X C npHnHCaHHblMH B KOHIl,e 6HTaMH. 

KoppeKTHOCTb npoTOKOjia OHeBup^wd. □ 

SaMenaHHe. Ko^, HcnojibsyeMbiii b stovl KOHCTpyKLi;iiH ne oGasaH 6biTB jiii- 
HeHHbiM — nofloiifleT jiio6oh CHCTeMaTiiHecKHit ko^. 

PaccMOTpHM TaKJKe flpyryio KOHCTpyKLi,Hio, npefljiojKeHHyio A.Opjihtckhm 
B pa6oTe [7]: 

VTBepxcfleHHe 6 («ToHKas KOHCTpyKii;HH», Opjiiitckhh) . Ilycmb UMeemcM 
Kod c napaMempaMU {a,R{a)), o6Aadawiu,uu CAedymujt,UMU ceoucmeaMu: 

1. Kod MBMJiemcM muhcuhum. 

2. \/y G {0, 1}" cyui,ecmeyem 3cjjcjjeKmueHuu cnoco6 naumu Kodoeoe CAoeo z, 
m.H. p{y,z) < an (m.e. cyiu,ecmeyem 3(fi(fieKmu6Huu aAsopumM deKodu- 
poeanun). 

Tozda no dannoMy Kody cmpoumcsi odHopayndoebiu KOMMyHUKav,uoHHUu 
npomoKOA c KOMMyHUKav,uoHHOu cAocucHocmbm C = (1 — • n. Buhuc- 

AumcAbHasi cAOMCHocmb dauHozo npomoKOAa ecmb CJIOXHOCTb KOffA + 
0(n'^), zde nepes "CJIO}KHOCTb KOflA" oCoanaueHa ewHucAumeAbnasi caook- 
Hocmb aAzopumMa deKodupoeanusi coomeemcmeymmezo Koda, ucnpa6AMmiu,ezo 
omu6KU. 

^ CiiCTeMaTHMecKHM HasbiBaeTCH KOfl, ^JiH KOToporo KO^iipyeMoe cjiobo Bcer^a aBjiaeTCH 
npe4>HKCOM CBoero KO^a. B MacTHOCTH, jiioSofi jiHHepiHBiH KOfl MO>KHO nepeflejiaTb b ciiCTeMa- 
THMecKHH. 05paTHoe, BOo6ii],e roBops, He BepHO. 

"'^'^Hecjio^KHO npoBepHTb, hto ajth R{x) = 1 — Hi2x) KopeHt yKasaHHoro ypaBHCHHa cyLu,e- 
CTByeT H eflHHCTBeHCH, npH ycjiOBHH MTO a £ [0, ^] . 
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JHoKaaameAbcmeo. IlycTij H - MRTpni^a npoBepoK na ^leTHOCTij fljiH flaHHoro 
KOfla"'^^. MaTpHLi;a H HMeex pasMep n x (n — fc), r^e k = R{a)n. 

AjiHca. AjiHca BBiHHCjiHeT CHHflpoM h = HX fmn CBoero cjiOBa X ii nocbi- 
jiaeT ero Bo6y. 

Bo6. IIojiyHHB CHHflpoM h OT AjiHCbi, Bo6 pemacT CHCTeMy jiHHeiiHBix ypaBHC- 
Hiiii Ht ~ h — HY H HaxoflHT KaKoe-mo pemeHHe t = y' ;i,aHHOH chctcmbi. Ha 
3TO y Hero yftfleT BpeMH O(n^). ^ajiee Bo6 npHMenaeT npoTOKOji fljia HaxojKfle- 
HHH CTpoKH z, "fleKO/iHpyiomeH" y' (cBoiicTBO 2). Tor;i,a Hz = h p{z, y') < an. 
nycTbz* =y' + Y-X.ToTp,&Hz* = Hy' + HY - HX ^ h- HY + HY - h ^ 0, 
p{z*,y') = p{y' + Y -X,y')^ p{Y - X, 0) = p{Y, X) < a. Bmxoaht, hto z* - 
KOflOBoe cjiOBO, o6jia/i,aioiLi,ee tcmh jkb CBOiiCTBaMii, hto h z. B CHjiy oflHOsnaH- 
HOCTH fleKOfliipoBaHiiH nojiy^aeM, ^^to z* = z, a SHanuT Bo6 mojkct bbihhcjihtb 
X cjieflyiomHM o6pa30M: X = y' + Y — z. 

IIpH 3TOM OT AjiHCbi K Bo6y nepeflaeTCH n — k Shtob, to cctb KOMMyHHKa- 
Li,HOHHaH cjiojKHOCTb flaHHOFO npoTOKOJia paBHa C — n — k — (1 — Rict)) ■ n, 

H.T.^. □ 



5.2 Koflbi, flonycKaromHe fleKO^npoBaHHe chhckom 

B yTBepjKflCHHH 2 6biji npHBeflen HeKOHCTpyKTHBHBifi npoTOKOji pji^i peme- 
HHH saflaHH 1 CHHxpoHH3an,HH cjjaiijiOB. B paa^ejie 4 mh iisyHajin KaK cflejiaTb 

KOHCTpyKTHBHblM BTOpOH 3Tan npOTOKOJia CHHXpOHH3ari,HH (sTan, Ha KOTOpOM 

peniaeTCH aafla^^a NBA). BosHHKacT ecTecTBenHbiii Bonpoc: mojkho jih cflejiaTb 
KOHCTpyKTHBHbiM TaK>Ke H HcpBijiH 3Tan HpoTOKOJia, He yBejiHHHB HHCJio nepe- 
;i,aBaeMbix 6htob? HacTHHHO OTBeTHTb na 3tot Bonpoc noMoraiOT KO^bi, flonyc- 

KaiOHI,He fleKOflHpOBaHHe CHHCKOM. JXjIH 3TOrO SaMCTHM, HTO KOHCTpyKU,HH H3 

yTBepjKfleHHH 6 ^onycKaeT o6o6Hi,eHHe na cjiynafi ko^ob, flonycKaiomnx flCKO- 
;i,HpoBaHHe chhckom (list-decoding codes) 

yTBepjKflGHHe 7. Hycrrib uMeemcji ceMCucmeo Kodoe, donycKamw,ux denodu- 
poeaHue cnucKOM, c napaMempaMu {a, R(a), L), m.e. maKux Kodoe, umo e an 
- oKpecmHocmu ak>6o3o cAoea U3 {0, 1}" naxodumcH He 6oAee L Kodoeux cAoe. 
Hompe6yeM maKJtce eunoAHenuji CAcdymvuux ycAoeuu: 

1. Kod MBAJiemcM auhcuhum KodoM, donycKamiu,UM deKodupoeanue cuuckom. 

2. L = 0{poly{n)), m.e. L He npeeocxodum Henomopozo noAUHOMa om n. 

3. \/y G {0, 1}" cymecmeyem 9(f)(f)eKmueHuu cnoco6 Haumu cnucoK He 6oAee 
HCM U3 L CAoe Zi, m.H. p{y,Zi) < an (m.e. cymecmeyem 3cjjcjjeKmu6Huu 
aAzopumM deKodupoeanuH cuuckom). 

Tozda no dannoMy Kody cmpoumcn mpexpayHdoehiil KOMMyHUKav,uoHHUu 
npomoKOA c KOMMyHUKav,uoHHOu CAoatcHocmbio C = {1 — R(a))n+ o{n) . Buhuc- 
AumeAbHaM cAootcHocmb dannogo npomoKOAa ecmb CJIO^KHOCTb KOJJ^A + 
0{L^ -n^). 

JJoKaaamcAbcmeo. IlycTb H — bhobb MaTpHU,a npoBepoK na ^leTHOCTb fljiH flan- 
Horo KOfla. HpoTOKOji ycTpoen cjiepymnimA o6pa30M: 

T.e. KO/],OBI>IMH CJlOBaMH SIBJISIIOTCH Te H TOJIbKO Te Zy ^JIH KOTOptlX Hz = 0. 

i^Cm. [19], [20] 
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PAVH^ 1. Ajiiica BbiHiicjiaeT ciiHflpoM h ~ HX fljia CBoero cjiosa X ii no- 
cbijiaeT ero Bo6y. 

PAVH^bl 2-3. IIojiyHHB CHHflpoM h ot Ajihcbi, Bo6 peinaeT CHCTeMy jiHHeii- 
Hbix ypaBHeHHH Ht = h — HY h naxoflHT KUKoe-mo peineniie t = y' flaHHOii 
CHCTCMbi. Ha 3T0 y nero y&pfiT epeMH 0{n'^). Jl^ajiee Bo6 npHMenaeT npoTOKOji 
fljiH HaxojK;];eHHs cipoK Zi, "flCKOflHpyiomHx" y' (cbohctbo 3). Tor;i,a Hzi = 
H p{zt,y') < an. nycTb z* ^ y' + Y - X. Torfla Hz* = Hy' + HY - HX = 
h-HY + HY~h = 0, piz*,y') = p{y' + Y-X,y') = p(Y-X,0) = piY,X) < a. 
BbixoflHT, HTO z* — KOflOBoe cjiOBO, oGjiaflaiomee tcmii jkc CBOiicTBaMH, ^to h 
Bce Zi. SnaHHT z* oGasaTejibHO co;i,ep}KHTCH b cnacKe cjiob Zi, cjieflOBaTejiBHO X 
coflepjKHTCH B cnHCKe CJIOB y' + Y — Zi. fljiHna SToro cnHCxa L = 0(j)oly{n)), a 
3HaHHT MO>KeM npHMeHHTb npoTOKOji H3 yTBepjKfleHHH 3 fljisi pemeHHH aafla^H 2 
(saflaHH NBA). 

B o6iii;eH cjiojkhocth b stom npoTOKOjie ot Ajihcbi k Bo6y nepeflaeTca n — 
k + 0(log7i) 6htob, T.e. C — {1 ~ R{a))n + o{n). BbiHHCJiHTejibHaH cjiojkhoctb 
CKjiaflbiBaeTCH h3 cjiojkhocth peincHHa CHCTeMbi ypaBHeHHH, cjiojkhocth ko- 

;i,HpOBaHHH/fleKOflHpOBaHHH flJIH KOfia^ HCHpaBJIHIOmerO 0mH6KH H CJIOJKHOCTH 

peniCHHs sap^ami NBA. CyMMapnaa Bbi^HCjiHTejibHaa cjiomchoctb b CHjiy cjie;;- 
CTBHs 1 paBHa: CJIO>KHOCTb KOM + 0{L^ -n^). □ 

TaKHM o6pa30M, ecjiH mbi nay^HMCH ctpohtb scJxJjeKTHBHbiii KOfl, flonycKa- 
KiniHH flCKOflHpoBaHHe CHHCKOM, CO CKopocTBK), 6jiH3KOH K rpaHHn,e XSMMHHra 

(i?(a) = 1 — H(a)), TO Mbl aBTOMaTHHCCKH HOJiyHHM OHTHMajIbHBIH scJxJjeK- 

THBHbiH TpexpayHflOBbiii npoTOKOji peincHHa: 3aflaHH 1. TyT cjie^yeT otmcthtb, 
HTO TeopcTHHecKH TaKHC KOflbi cynjccTByiOT (cm., HanpHMcp, [21], [22]), h flajKC 
Bbi6paHHbiH cjiynaiiHO jiHHeHHbiii KOfl c Gojibhioh BcpoHTHOCTbro 6yfleT y^OBjie- 
TBopHTb HyjKHbiM HaM TpeSoBaHHHM (cM.]2;), TCopcMa 5.3]). Ho ajiropHTM ;i,eKO- 
;i,HpoBaHnH chhckom fljia TaKoro KO^a 6yfleT 3KCH0HeHH,HajibHbiM ot n, t.k. fljia 
3Toro Tpe6yeTCH Hepe6paTb Bce KOflOBbie cjiOBa^''. B nacTOJimee BpcMH HeH3- 

BCCTHO KOHCTpyKH,HH C nOJIHHOMHajIBHBIM ajITOpHTMOM fleKO^HpOBaHHH. 

6 BepoaxHOCTHaa nocTanoBKa sa^ann 

B 3TOM pa3flejie mbi n3yHHM BcpoaTHOCTHbie npoTOKOjibi peinenHH 3afla^H o 
CHHxpoHH3an;HH (JjafijiOB: 

3a/i;aHa 3 (Sa^ana o BepoHTHOCTHofi CHHxpoHH3an,HH (JjafijiOB) . HycTb y Ajihcbi 
HMCCTCH CTpoKa H3 u 6htob A, a y Bo6a — CTpoKa 6htob Y xaKoii jkc /i,jiHHbi. 
Sapanee H3BecTHO, hto p(A, Y) < an. Mbi paccMaTpHBacM KOMMyHHKan,HOHHbie 
npoTOKOjibi, B KOTopoM AjiHCC H Bo6y pa3peinaeTCH HCHOjib30BaTb hctohhhkh 
cjiyHaiiHbix 6htob (cM.onpe/iejieHHe 4). Ho BbinojiHCHHH npoTOKOjia Bo6 pfljiyKen 
BOCCTanoBHTb CJIOBO X c BepoHTHOCTbK) ohihGkh He 6ojiee e. 

6.1 HH^cHHa ou,eHKa 

HaHHBM c HCCjiojKHoro yTBepjK^eHHH, KOTopoe flacT HH>KHioio on,eHKy Ha 

K0MMyHHKaii;H0HHyiO CJIOJKHOCTb: 

3aMeTHM, HTO cjiojKHOCTb fleKOflHpoBaHHH 6yfleT HMeHHO O (2" • poly(n)), a ne 6ojibme. 
3to 6yfleT BajKHO tiaivi npn paccMOTpeHHH TeopeMM 3. 
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VTBepxcfleHHe 8. flAsi Am6ozo nojioDKumeAmozo £ < \ KOMMynuKai^uoHHasi 
CAOMCHOcmt) daHHOu sadauu He Menbiue, hcm H[a) ■ n + o{n). 



/JoKaaameMbcmeo. BMecTO KOMMyHHKaii,HOHHOro npoTOKOjia c OTflejibHbiMH hc- 

TOHHIIKEMH CJiyi^aHHOCTII MM flOKajKeM HPI>KHIOIO OII,eHKy flJIH CJIOJKHOCTH npO- 

TOKOjia c o6iii;iiM fijisi Ajiiicbi h Bo6a hctohhhkom cjiyHaiiHBix 6htob (onpefle- 
jienne 5). JlioSofi npoTOKOji c pasflejibHMMH HCTOHHiiKaMH cjiynaiiHOCTH jierKO 
nepe;];ejiaTi> b npoTOKOji c TaKofi jkc KOMMyHHKaLi,HOHOH cjio>KHOCTbio h o6ili;hm 

HCTOHHIIKOM CJiyHailHOCTH. Pojib CJiyHaHHOH CTpOKH T B 3T0M npOTOKOJie 6yfleT 

HrpaTb KOHKaTeHaii,Ha: CTpoK ta^itb h3 npoTOKOjia c pasflejibHtiMii cjiyT^aiiHbi- 
MH 6HTaMH. HosTOMy MHHHMajiBHaa cjiojKHOCTb ^jiH npoTOKOjiOB c o6mefloCTyn- 

HblMH CJiyHaHHblMII 6HTaMH MOJKCT OKaSaTbCH TOJIBKO MeHbine, HeM B HCXOflHOii 
MO^ejIH. 

SacjDHKCHpyeM nponsBOjibHbiM o6pa30M cjiobo Bo6a (neKOTopyio CTpoxy Y 

H3 n 6hT0b). BepOHTHOCTHblii npOTOKOJI C 06mHM IICTOHHHKOM cjiynaiiHOCTH 

MOJKHO paccMaTpHBaTb KaK pacnpeflejieHHe BepoHTHOCTeii na neKOTopoM ceMeft- 

CTBC D fleTepMHHHpOBaHHblX KOMMyHHKaLI,HOHHI>IX npOTOKOJIOB. HanOMHHM, HTO 

KaK TOjiBKO Mbi 3a4)HKCHpoBajiH CJIOBO Y , ;i,eTepMHHnpoBaHHi>iH npoTOKOji npe/];- 

CTaBJIHCT C060H flBOHHHOe flCpCBO, KajKflblH JIHCT KOTOpOrO nOMCHeH OflHHM H3 
B03M0>KHbIX OTBeTOB (t.C., KaKOH-TO CTpOKOH X G {0, 1}"), a CJIOJKHOCTb npO- 

TOKOjia ecTB rjiy6HHa SToro ^epeBa. OxMeTiiM, hto Bce flepeBta: h3 ccMeiicTBa 
D iiMeiOT o;i,HHaKOByio rjiy6HHy, a pasjiH^aiOTca jiHint noMeTKii b BepniHHax. 

Ho ycjiOBHio 3aflaTiH, AjiHca mojkct nojiyHiiTB b KaiecTBC CBoero Bxo;i,a jiio- 
6oe CJIOBO X G {0, 1}", HaxoflHin,eecH na paccTOHHiiii ne 6ojiee an ot Bbi6paH- 
Horo Y . HanoMHHM, hto hiicjio TaKiix cjiob paBHO N = 2^(") "+°("'. Jlflu Ka>K- 
floro TaKoro X npoTOKOji Bbiflaei npaBnjii>Hi>iH otbct c BepoHTHOCTbio ne Mcnee 

1 — £ > 1/2. 3t0 3HaHIIT, ^TO BCpOSTHOCTHaa Mepa npOTOKOJIOB B D, HMCIOmilX 
XOTH 6bl 0;i,HH JIHCT C flaHHOH nOMCTKOII X, flOJIJKHa 6bITb He MeHBHie 1/2. Ilpo- 

pfijias 3TO paccyjKflCHHe fljia KajK^oro h3 N bo3mo>khi>ix X, nojiy^inM, hto y 
npoTOKOjia h3 ccMeiicTBa D hiicjio jmcTbeB ne mojkct 6i>iti> Metibnie N /2. 

OcTacTca 3aMeTiiTb, hto cjioskhoctb fleTepMiitinpoBaHHoro npoTOKOjia ne 
MCHbine, HCM jiorapiicjDM HHCjia ero jihctbcb. CjieflOBaTCjiBHO, cjiojkhoctb npo- 
TOKOjia H3 D He MCHBHie log(A^/2) = H{q) ■ n + o(n), a 3Hai;HT h cjiojkhoctb 
iicxoflHoro BcpoHTHOCTHOro HpoTOKOjia He MCHBine H{a) ■ n + o(n), h.t.;;. □ 

6.2 Ot 3-payflOBoro ^eTepMHHHpoBaHHoro npoTOKOJia k 1- 
payH^OBOMy BepoaTHOCTHOMy npoTOKOJiy 

ITepeflejiaeM HOCTpoenHBiii HaMH fleTepMeHHpoBaHHbiii TpexpayHflOBbiii npo- 
TOKOji, ocHOBaHHBHi Ha KOflax, flonycKaioin,Hx flCKOflnpoBaHHe chhckom, b o;i,ho- 
payHflOBbiii npoTOKOJi fljiH bcpohthocthoh sa^anH. ^jih nanajia ^OKajKCM ana- 
jior jieMMbi 4: 

JleMMa 6. Uycmb dano MHOofcecmeo U = {1,...,2"} u iieKomopoe ego nod- 
MHOotcecmeo S pasMepa k. Tozda djisi Am6ozo a £ N cyinecmeyem hucao A — 
ank^ \og(ank^) + o{ank'^), m.H. paenoMepHO eu6paHHoe npocmoe hucao q c 
ompeana [1, A] c eeposmmocmtim 1 — ^ aadaem (fiyHKV,um fq-.x^x mod q, ne 
UMeminym koaausuu na S , . 

KaK u panee, eunucAenue x9ui-cfiyHKyuu npoucxodum aa 0{n^). Bu6op (pyuK- 

%uu U3 3modo ceMeucmea (eu6op npocmozo uucAa) mpe6yem epeMtnu O ( ^ 
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(pememo SpamoccpeHa) . 

/(oKasameAbcmeo. KaK h b jieMMe 4 o6o3HaHiiM S = {xi, . . . ^Xk},t = Yliyji^i^ 

Xj ) < mP^' . OTCiofla cjie^yeT, hto log t < log m < log m = nk^ . SnaHiiT 
HHCjio t HMeeT He 6ojiee nk^ npocTbix flCJiHTejieii. Ho na OTpesKC [1, A] HMeex- 
CH He MCHee anfc^ npocTbix hhccji b CHjiy TeopeMbi o pacHpeflejieHHH npocTbix 
HHceji^'*. SnaHHT, Bi>i6paB nayra^ npocToe ^^iicjio h3 SToro HHiepBajia, mbi c 
BepoHTHOCTbK) 1 — ^ nonaflBM b hhcjio, KOTopoe ne HBjiHeTca: flejiiiTejieM t, a 
SHaHHT He flaeT kojijihshh na S, h.t.^. □ 

Tenepb ccJjopMyjiHpyeM yTBepjKflenHe o cymecTBOBanHii npoTOKOjia: 

"yTBepjKflGHHe 9. Uycmb UMeemcji ceMeucmeo Kodoe, donycKamiu,ux deKodu- 
poeaHue cnucKOM, c napaMempaMU {a, R{a), L), ydoeAemeopfimvuee eccM ycAO- 
euHM ymeepatcdeHUM 7. Tozda Bar Am6ozo a, pacmyiu,ego MedAennee hcm 2" 
(a = a = 2°'"^ ), no damioMy Kody cmpoumcsi odHopayudoe'biU eeposim- 

HocmHuu npomoKOA c KOMMyHUKav,uoHHoii CAoatcHocmbw C = (1 — R{a))n + 
o{n) u eeposmiHocmhw omu6KU ne npeeocxodsiui,eu 1 — i. BuHUCAumeAhHafi 
CAoatcHocrrib dannozo npomoKOAa, paena: 

CJIOMHOCTb KOM + 0{anL^ \og{anL^)) + 0{Ln^) + 0{n^) 

Jl^oKaaameAbcmeo. PaccMOTpHM cjieflyiomHii npoTOKOji: 

AjiHca. AjiHca, KaK h panee, BbiHHCJiHeT CHHflpoM h = HX CBoero cjiOBa 
X. KpoMe SToro. ona renepHpyeT npocTbie HHCJia c OTpesKa [1, A] h Bbi6HpaeT 
o;i,HO H3 HHx Hayrafl (cm. jieMMy 6). Ilocjie SToro, ona xsniHpyeT X npn noMomn 
BbiGpaHHoro eft npocToro HHCJia q h nocbijiaeT xsin-SHaHCHHe Bo6y BMecie c 

CHHflpOMOM h H npOCTbIM HHCJIOM Q. 

Bo6. Bo6 nojiynaeT Bce ot Ajihcm h cnanajia sanycKaeT ajiropHTM boc- 
CTaHOBjieHHH cnHCKa npeTenflenTOB na cjiobo X aHajiorH^^HO yTBepjKflenHio 7. 
Ilocjie SToro oh cmotpht na nojiyneHHoe ot Ajihcbi hhcjio q. Bo6 npoBepaeT, 
npaBHjiBHO jiH OHO xsniHpyeT ero chhcok npeTen^eHTOB. Ecjih nei, oh cnrna- 
jiHsnpyeT o6 oninGKe CHHxpoHH3an,HH. B hpothbhom cjiynae, oh cmotpht KaKoii 
H3 ero npeTeH;i,eHTOB ^aeT xam-SHaHeHHe, coBna^aromee co 3HaHeHHeM, nojiy- 

HCHHIjIM ot AjIHCBI, H BblBOpflT CFO B KaHCCTBC OTBeTa. 

KOMMyHHKaH,HOHHaH CJIOJKHOCTb COCTOHT H3 flJIHH CHHflpOMa ((1 — R{a))n 

Shtob), npocToro HHCjia q n xsin-SHanenHH fq[X] (21ogy4 ~ 0{\og{ank^)) — 
O(loga) +o(n) = o(n)). 

BbiHHCjiHTejibHaH cjioJKHOCTb flaHHoro npoTOKOjia CKjia^biBacTCH h3 cjiojk- 
HOCTH KOfla, cjiojkhocth peniCHHa CHCTCMbi ypaBnenHH {0{n^)), cjiojkhocth 
HOCTpoeHHH CHHCKa HpocTbix HHCCJi (pcHieTO BpaTOCcJjeHa, O (A/ log log A) = 
0{A) = 0{anL^ log(ani^))) h cjiojkhocth BbiHHCjieHHH xsin-snaHeHHii ^jih bccx 
HpeTCHfleHTOB na cjiobo X {0{Ln^)). □ 

6.3 IIpOTOKOJI A.CMHTa 

y npoTOKOjia H3 Hpcflbiflymero pasflejia ecTb OTieBH^Hbiii ne^ocTaTOK: fljia 
ero pa6oTbi ho HpejKHCMy nyjKHO HMCTb xopoinnii ko/i,, flonycKaiOHi,HH ;i,eKO- 
;],HpoBaHHe chhckom. C flpyroii CTopoHbi, b CTaTbc [.^] A.Cmhtom 6bijia hbho 

Cm., HanpHMep, paSoTy [21]. 
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nocTpoena KOHCTpyKLi,Hii npoTOKOJia pemeHHH sap^ami 3 o BepoHTHOCTHoli chh- 
xpoHH3an,HH cjaaftjiOB (c nojiHHOMHajibHbiMH ajiropHTMaMH fljiH AjiHCbi H Bo6a) , 

B KOTOpOM ^OCTIiraeTCH HHJKHSH OII,eHKa 113 yTBepjKfleHHH 8: 

TeopeMa 3 (A.Smith, Theorem 4). JJaji bcsikozo 6 — Vl ^ ^°^\o^n ) cyiu,ecmeyem 
odHopayiidoeuu npomoKOA peiuenuR aadauu S c KOMMyHUKav,uoHHoii caochcho- 
cnibK) H(a)-n+0(Sn) u oiuuSkou e < n/(24 iogn)_ Jjpu smoM epcMJi pa6omu 
aAgopuniMa ozpaHuueno mhozohachom om n. 

^OKasaTejibCTBO flaHHOii TeopcMbi mojkho HaiiTH b opHrHHajibHoii paSoie [8] 
A.CMHTa. 3;i,ecb jkc mm noflpo6HO paccMOTpuM KOHCTpyKri,Hio, KOTopaa Sbijia 
npefljiojKena A.PoMameHKO h necKOjibKO OTjiH^aeTca ot opHriiHajibHoii koh- 

CTpyKII,HH A.CMIITa. 3Ta KOHCTpyKD;HH KajKCTCH HaM 6ojiee npOCTOH PJISI II3- 

jiojKeHHH H BbirjiHflHT 6ojiee npaKTHHHOii c tohkh speHHH B03M0}KHbiH npii- 

MeHeHHH, T.K. BCC Bbl^HCJieHHH OrpaHHHeHbl nOJIHHOMOM HcSojibmoH CTenCHH. 

CjieflycT, oflHaKO, OTMeTHTb, hto oi;eHKa na BcpoHTHOCTb oinH6KH npoTOKOjia, 
nojiyHCHHoro b yTBepjK^eHHH 11, Gy^eT cymecTBOHHO xyjKe, hcm y A.CMHTa: 

— \ ^/log n j 

KaK oSblHHO, MM CHHTaCM, ^^TO AjIHCa H Bo6 B KaneCTBe BXOflHblX flaHHblX 

nojiynaiOT n-6iiTHbie CTpoKH X n Y cooTBeTCTBCHHO. B flajibHciimeM b oniica- 

HHH KOHCTpyKII,HH Mbl GyflCM HCnOJIb30BaTb HCCKOJIBKO HapaMCTpOB, 3aBIICHm;HX 

OT n: Li,ejioe hhcjio k (mm BbiSepeM ero nopaflKa log n), ijejioe hhcjio s (oho 6y;i,eT 
o{n/k)) H pan,HOHajiBHoe hhcjio 5 (oho 6y^eT CTpcMHTbca k nyjiK) npn pocTC n). 
Bojiee TOHHbie 3HaHeHHa: 3thx napaMCTpoB mbi yTOHHHM ho xo^y fl0Ka3aTejib- 

CTBa. 

Cnanajia Mbi onnmcM caM KOMMyHHKaH;HOHHijiH npoTOKOji. Oh 6yfleT cocto- 
HTB H3 Tpex STanoB: 

IlepBbiH 3Tan. fljia nanajia BBe^eM cjieflyiOHi,ee OHpeflCjieHHc: 

Onpe/i;ejieHHe 7 (CeMeiicTBO nonapno He3aBHCHMbix HepecTanoBOK) . CcMeii- 
CTBO 6 HepecTanoBOK tt : {1, . . . , n} — >■ {1, . . . , n} Gy^CM Ha3biBaTb ceMeficTBOM 
HonapHO He3aBHCHMbix HepecTanoBOK, ccjih nepecTanoBKH tt G S oSjia^aiOT cjie- 
;i,yiOHi,nMH CBOiiCTBaMH: 

• PaeHOMepHocrrib: Vi,x PrTree ['"'(*) — ^] — Ti' 

• "UoHmu HeaaeucuMocmb": \fi ^ j cjiynaftHbie BejiHHHHbi Tr{i) ii ■n{i) "no- 
HTH He3aBHCHMbi", T.c. Vx 7^ y Pr^gs[7r(i) = a;,7r(j) =y\ = ^(^^-1) - 

HecjiojKHO npoBepHTb, hto ccjih b KanccTBC (3 paccMOTpcTb bcc n\ HcpccTa- 
HOBOK Ha n sjiCMCHTax, TO o6a ycjiOBna 6y;;yT bmhojihchbi. O tom KaK hoctpohtb 
TaKoe CCMCHCTBO He6oAbmogo pasMepa mbi noroBopHM HyTb ho3}kc. 

HTaK, B nanajic o6hi,chhh AjiHca h Bo6 floroBapHBaKJTCH o HCKOTopoii hc- 
pccTanoBKC n h HpHMenaroT STy ncpccTanoBKy k 6HTaM cbohx cjiob X vl Y: 
B HOjiyHCHHbix cjiOBax X' H Y' fljia KajKfloii H03Hn;HH i 3HaHeHHC 6HTa X'{i) 

(COOTBCTCTBCHHO, Y' (i)) BMHHCJISCTCH KaK X{TT{i)) (cOOTBCTCTBCHHO, Y{Tr{i))). 

SaMeTHM, HTO A.Cmht b CBoeii KOHCTpyKLi;HH HcnojibSOBaji 6ojiee cjio>KHoe onpe^ejieHiie 
"noHTH HesaBHCHMOCTH". fljiH 3Toro eMy npHinjiocB npH5erHyTB k TexHHKe TaK HasBmaeMBix 
KNR renepaTopoB ([25]). noflpo6Hee o5 stom b ero pa5oTe [^]. 
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BTopoft 3Tan. Ajinca h Bo6 pasGnBaiOT cboh cjiobr (noflBeprnyTbie nepe- 
CTRHOBKe 6htob) hr 6jiokh fljiHHbi fc. Trkiim oSpaaoM, cjiOBa X' h Y' npeflCTEB- 

JIHIOTCH B BH/I,e KOHKaTeHaU,HH 

rfle KajKflbiH h3 6jiokob X^', coctoht h3 fc 6htob. h m = n/k. 

P^a,nee fljia KajKfloft napti X^', Y^' fljia i = 1, . . . , m AjiHca h Bo6 BbinojiHH- 
lOT npoTOKOji CHHxpoHH3aii,Hii KoppeKTHbift fl^jisi cjiOB, OTjiHHaiomHxcH He 6ojiee 
HeM B (a + d)k nosimiiax (mbi saKjiaflbiBaeM Sflecb HeGojiBinofi sanac d, Bbi6op 

KOTOpOrO Mbl yTOHHHM HIUKc). 

TaKoii BBiGop BHyTpeHnero npoTOKOjia flaei ocHOBaHHH yTBepjKflaTb, hto 
Bo6y y^acTCH BOCCTanoBHTb npaBiijibHO tc cjiOBa KOToptie OTjiH^amTCH ot 
cooTBeTCTByiomero Menee, hbm b (a + S)k no3Hn,Ha:x. IIpo flpyrne napti 
6jiOKOB (X^ H Yl , KOTopbie OTjiHT^aiOTCH He Menee, ^eM b (a + 6)k no3HLi;HHx), 
BHyTpeHHHii npoTOKOji MOJKeT BbiflaBaTb omH6oT^HbiH OTBeT. B flajibHefinieM na- 
pbi 6jiokob X^ h K/, KOTopbie OTjinnaiOTCH ne Menee, neM b (a + S)k no3Hii,Hax, 
MBi 6y^eM Ha3MBaTb onacHUMu. 

06cy;i,HM noflpo6Hee ycTpoiicTBO BHyTpeHnero npoTOKOjia. Ilpome Bcero 6bi- 
jio 6bi Hcnojib30BaTb HeseJjcJjeKTHBHbiH MeTOfl 113 TeopeMBi 2. Ho Tor;i,a ^jia bbi- 
6opa pacKpacKH noTpe6oBajiocb 6bi nepeGpaib 2^'-'^^ ^ BapiianTOB, ii fljia o6ec- 
neneHiiH nojiHHOMHajiBHoro BpeMenH pa6oTbi ajiropHTMa mbi 6hijm 6bi BbiHyjK- 
fleHBi BBiGpaTB k = O(loglogn). Ho, KaK mbi yBH/i,HM nossce, TaKoe MajientKoe 
k He noflxoflHT fljiH Haineii K0HCTpyKri,HH. 

Mbi MOJKeM no3BOjiHTb ce6e 66jibinee fc, ecjiH b KanecTBe BnyTpeHHero KOfla 
6y^eM Hcnojib30BaTij MeTOfl h3 yTBepjKflenHH 7. B KanecTBe 6a30Boro KO^a fljia 
SToro yTBep}K/i,eHHH mbi B03bMeM KOfl, KOTopbiii BnepBbie neaBHO BCTpenajiCH b 
pa6oTe [22] 1982 ro;i,a. Ho3>Ke, b pa6oTe B.FypycBaMH (2001 ro;;) 6bijio hbho 
ccjDopMyjiHpoBaHO II flOKa3aHO cjieflyiomee yTBepjK/ienHe [2-'), Theorem 5.3]: 

yTBepjKflGHHe 10 (3h6jiob, HnHCKep). /[am aw6ozo p < ^ u Am6oeo L — > oo 
cymecmeyem ceMeucmeo AuneuHux Kodoe, donycKamui,ux deKodupoeanue cnuc- 
KOM, c dAUHOu cnucKa L u CKopocrribm R > 1 — H[p) — o(l). Ecau Mampuu,a dAsi 
Koda eu6upaemcH CAyuauHO u paeHOMepiio, mo eepoHmHocmb mozo, umo ona 
sadaem nod c nycncHUMU ceoucmeaMu, 6ydem ne Memme, hcm 1 — 2~^^^'. 

TaKHM o6pa30M, AjiHca BbiGnpaeT Maipimy c HyjKHbiMii napaMeipaMii cjiy- 
HaiiHbiM o6pa30M ii nocbijiaeT ee Bo6y. Hpn nameM Bbi6ope k = log n cjioJKHOCTb 
;i,eKOflHpoBaHiia chhckom^^ ;i,ji5i flannoro KOfla 6yfleT 0{n?), a hhcjio nepe^aBa- 
eMbix 6htob hhhtojkho Majio. 

OGosHa^iHM 3a Yj", . . . , Y^[ le 6jiokii h3 k 6htob, KOTopbie Bo6 6y;i,eT iiMexb 
b pe3yjibTaTe BbinojiHeniia SToro siana. 

TpeTHH 3Tan. Ajinca iiHTepnpeTHpyeT cboh 6jiokii X[ ■ ■ ■ X'^ KaK Ha6op 
H3 m sjieMBHTOB KOHe^^Horo nojiH F (pa3Mep nojia paBen 2*^; oSosnaniiM ero 
sjieMCHTbi F = {«!, a2, . . . , 0,2'' })■ AjiHca naxo/iiiT MHoroHjien P{t) CTeneHH ne 
Bbinie m — 1 nafl 3thm hojicm TaKoft, hto 

P{ai)=X[, P(a™)=X;, 

HiueHHO 3fleci> Ham BajKHO, hto fleKOflnpoBaHHe nponcxo^HT 3a O {2^ ■ poly(fc)) = O(n^). 
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SaieM OHa BbiHHCjiaeT SHaHenHH HaitfleHHoro MHoroHjiena P b TOHKax nojiH 
a„j-|_i, . . . ,am+s H nocbijiacT hx Bo6y. B 3tom mbctc BajKHO, hto pasMep nojiH 
2*^ > m + s ~ n/k + s, — hmchho nosTOMy Mbi ne MorjiH bsstb k = 0(log log n). 
Ho cymecTBy, AjiHca nocbijiacT CHHflpoM fljia: KO^a Piifla-CojiOMOHa ot cipo- 

KH Xi---X'^. 17 

Bo6 cpaBHHBaeT nojiyHenHbie SHaneHHa: MHoroHjiena P c 5jiOKaMii Y-[' , . . . , 
H BOCCTaHaBjiHBaeT SHaHenHH TaKiiM o6pa30M. mojkho CKaaaTb. 

HTO Bo6 BbinojiHHeT npoi^eflypy fleKO/i,HpoBaHHH pjia Kop^a PHfla-CojiOMona. 
3t& npoD;e/i,ypa npoHCxo^HT KoppexTHO, ecjiH hhcjio omii6oK < s/2. 

P^a,nee Bo6 cocTaBjiHCT KOHKaTeHan,Hio nojiyT^enHbix 6jiokob 

A — • ■ • A„j 

H npHMenaeT k 6iiTaM SToro cjiOBa nepecTanoBKy, o6paTHyio k tt. HnjKe mbi 
noKajKCM, HTO (npH pasyMHOM Bbi6ope napaMeTpoB) nojiyHeHHBiii pesyjiBTaT c 
GojiBinoii BepoHTHOCTBio coBnaflaeT c X . 

OLi,eHKa KOMMyHHKai^HOHHoii cjio:acHOCTH. Cjiojkhoctb nepBoro siana 
saBHCHT OT pasMepa ceMeficTBa nepecTanoBOK 6. KaK mbi yBH;i,HM nosjKe, pas- 
Mep SToro ccMeiicTBa 6yfleT n(n — 1), T.e. na stom STane floCTaxoHHO nepe^aTB 
O(logn) 6htob. 

Ha BTopoM STane j^jisi KajKfloro 6jiOKa i = 1, . . . , m Ajiiica h Bo6 nepe^aiOT 
H{a+S)k+o{k) 6htob. TaKOM o6pa30M, o6maH KOMMynHKaiiiiOHHaH cjiojkhoctb 
SToro 3Tana paBtia H{a+S)n+o{n). Ecjiii BBi6HpaTB SHanemie napaMeipa 5 laK, 
HTO 5 — ?> 0, TO MBI nojiynaeM KOMMyHHKaii,HOHHyio cjiojkhoctb H{a)n + o{n). 

Ha TpeTBCM 3Tane AjiHca nepecBijiacT s sjicmchtob hojih F, hto Tpe6yeT b 
oGmeH cjiojKHOCTH sk 6nTOB. EcjiH BBi6HpaTB 3HaHeHHe napaMCTpa s laK, hto 
sA;/n —> 0, to K0MMyHHKaii,H0HHa5i cjiojkhoctb ^aHHoro STana cctb o{n). 

TaKHM o6pa30M, KOMMyHHKaii,HOHHaH CJIOJKHOCTB Bcero npoTOKOJia paBna 
H(a)n + oin). 

Cjiojkhoctb BMHHCJieHHH. Cjiojkhoctb BBi6opa cjiyHaiiHoit nepecTanoBKH 
TT £ S, KaK MBI yBH;i,HM HOSJKC, saKjHO^acTCH jiiiniB B floCTyne K renepaTopy 
cjiyHaiiHBix hhccji ii nepcfla^e KO^a nepecTanoBKii {0{\ogn)). 

Ha BTopoM STane hpohcxo^ht npoTOKOji ii3 yTBepjK^eHHa 7, npn stom, KaK 
MBI Bii;i,ejiii, CJIOJKHOCTB fleKOflHpoBaHiiH cniiCKOM orpaHHHena BejiHHHHOii O(n^). 
SnaniiT cyMMapnaa cjiojkhoctb SToro STana cctb {Oiji?) + poly(log(n))) • m — 
0(n3). 

Ha TpcTBCM STane AjiHca npoii3BOflHT o6BiHHyio nojiHHOMHajiBHyio HHTcp- 
nojiHii,Hio (hto mojkho cflCjiaTB 3a nojiHHOMiiajiBHoe BpcMJi). Bo6 jkc BOCCTa- 
HaBjiHBaeT MHorouien no ero SHaneHHaM, ncKOTopBie h3 kotopbix 3a/i,aHBi c 
omH6KaMH. 3to mojkho c^ejiaTB 3a nojiHHOMHajiBHoe BpcMH (0(n^)) c homo- 
ni,Bio ajiropiiTMa BepjiCKaMna-MsccH, [2ii]. Otmcthm. hto bbihhcjichhh Ajihcbi 
H Bo6a Ha tpctbcm aiane hbjihiotch cootbctctbchho KO^HpoBanHCM h flCKOflH- 
poBaHHCM fljia KOfla PHfla-CojiOMona. 

TaKHM o6pa30M, BBiHiicjiCHiia: Ajihcbi h Bo6a Tpe6yiOT nojinnoMHajiBHoro 

BpeMCHH. 

^'^ 3a no^po6Hi>iM onpe^ejieHHeM Ko^a PH/i,a-CojiOMOHa h ero cbohctb mbi OTCbijiaeM MiiTa- 
TejiH K [1!)] Hjin J11060H ^pyroii KHHre no TeopHH KO^HpoBaHHH. 
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BepoHTHOCTb omH6KH. KaK mm ysce roBopiijiH (yTeepjKfleHHe 10), ee- 
poHTHOCTb BM6opa HenpEEHjibHoro KOfla, flonycKaiomero fleKOflnpoBauHe chhc- 
KOM, 3KcnoHeHii,Hajii>HO Majia. Mti ne 6yfleM yHiiTbiBaTb ee b npiiBeflenHbix HHJKe 
paccyjKfleHHHx, a BMecTO SToro aomhojkhm OKOH^^aTejibHyio BepoHTHOCTt Kop- 



Ha BTopoM 3Tane npoTOKOjia omH6KH npn nepeflai^e 6jiokob X[ ot Ajihcbi k 
Bo6y MoryT BOSHUKHyTb tojibko b onacHbix napax 6jiokob. 06o3HaTiHM KOjinne- 
ctbo onacHbix nap N . SaMeTHM, hto N ecTb cjiyHaiiHaH BejiHHHna, saBHcamaa: 
OT Bbi6opa (na nepBOM aiane) cjiyHafiHoii nepecTanoBKH tt. 

/^ajiee, na TpcTteM STane Bo6 flOjiJKen BOCCTanoBHTb MHoro^jien CTenenH 
He 6ojiee m — 1. Bo6y ^aHti SHaT^eniiH SToro MHoroHjiena b to + s TO^Kax (m 
SHaneHHii i^", nojiyHennbix na BTopoM siane npoTOKOjia h eme s SHaneHHii, 
npHCjiaHHbix AjiHCoit na TpeTbCM STane) . Cpe^H nepBbix to SHaHenHH MaKCHMyM 
N MoryT 6biTb "nenpaBHjibHbiMH" (ecjiH napa "onacnaa", to 6jiok Y(' mo^kct 
He coBnaflaTb c X[). TaKHM oSpasoM, Bo6y nyjKHO BOCCTanoBHTb MHoroHjien 
CTCHeHH He 6ojiee to— 1, ecjiH flanbi ero SHaHenHH b m+s TOHKax, cpeflH KOTopbix 
He 6ojiee A'^ SHaHenHH MoryT OKaaaxbCH HenpaBHjibHbiMH. Ecjih TV < s/2, to 
HCKOMbiit MHoroHjiCH OHpeflCJieH oflHoanaHHO. 

JleMMa 7. Ilycmb ucxodnue cjioea X u Y orriAUHawmcfi ne 6oAee hcm e an 
noauufliHX, u CAoea X' u Y' noAyueHU us hux c noMowpw nonapiio neaaeucu- 
Moil nepecmanoeKU no3uv,uu tt. Tosda eepo^mHocmb mozo, umo hucao onamux 
6aoko6 OKaotcemcji 6oAbme s/2, ne npeeocxodum ^^"^^ . 

/(oKasameAbcmeo. IlycTb — cjiynaiiHaH BejiHHHHa, HH^HKaTop co6biTHH 
{X{T:{i)) ^ Y{T:{i))}. OSoanannM nepes ai,...,ar pasjianaiomHecH no3HD;Hn 
B HCxoflHbix CTpoKax X vL Y (r < an). HcHOjibsya OHpeflejienne 7, naiifleM 
BejiHHHHbi M^i H M^i^j fljiH i ^ j: 




r 



^Pr[7r(i) ai 



r 



n 




Torfla BcpoHTHOCTb Toro, ^no /-ft 6jiok "onacHbifi" pabna: 



fc-i 
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;i,Hcnepciim: 



n 

D$; = - {M^if = kMil + k{k - l)M^i^j 



kr , ,, , r(r — 1) 
= - + ^(fc-l)4 ^ 



n 



— 1 + 



1 

kr 



kr 



1 



71 — 1 ?i — 1 n— 1 n — 1 
r 



kr 
n 



r 



n(n ~ 1) 1) n 



[t.k. r < an] 



= k - - hO y-j j <- + l^—j , T.K. r <an< n/2 

BocnojibsyeMCH HepaBCHCTBOM He6ijimeBa: 

Pr[l-& 6jiok "onacHbiii"] = Pr[^i > {a + S)k] = 













< 


V n 







= Pr 



< Pr[(^i - M^i > Sk] < Pr[|$/ - M^i\ > Sk] < 



(Sky 



< 



< 



4(52 fc 



< 



O 



1 



< 



l + 0[- I I < 

n , 



2(52fc 



npH floCTaTOHHO GojibinoM n 



06o3HaHHM T^epes ipi HHflHKaTop Toro, hto /-ii 6jiok onacHbiii. Oii,eHHM nyjK- 
Hyio HaM BepoHTHOCTb no HepaBCHCTBy MapKOBa: 



Pr 



.1=1 



1 



s/2 



S k ' 2(52fc Sfc2^2 ' 



□ 



Tenepb mbi mojkcm ccjjopMyjiHpoBaTt yTBepjKfleHiie aHajioriii^Hoe TeopeMe 3: 
VTBepHciieHHe 11. Upu k = losn, s = 1 , S ~ / i°si°g" omuBna 

^ ^ o ? log n-log log n ' y ^log n 

e npomoKOAe cuHxpoHU3av,uu cmpeMumcsi k Hynm c pocmoM n, KOMMynuKa- 
VjUOHHaji cAOJtcHocmb paena H{a)n + o{n), a ece euHucjienuH Ajiucu u Eo6a 
mpe6ymm epeMenu 0{n^). 

P,ji5i Toro, HToSbi ;i,OKa3aTi> sto yTBepjKfleHiie naM ocTajiocb nocTponTb ce- 
MeiicTBO nonapHO nesaBHCHMbix nepecTanoBOK He6ojibmoro pasMepa. 

^jiH nanajia saMeTHM, hto, ne MeHHH acHMHTOTHK, mojkcm CHHTaTB ^iiicjio 
n npocTbiM. P,nsi SToro BOcnojibsyeMCH cjie;i,yK)iii,HM 4)aKT0M 113 TCopHH ^iHceji 
([27]): 

JleMMa 8 (BsHKep, XapMan, niiHTu;). /Jam Am6oeo n, 6oAbmeeo neKomopozo 
no, UHmepeaA [n — n'^'''^'^^ ,n] codepc^tcum npocmoe hucao. 
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HcnojibsyH siy TeopeMy, mm MOJKeM o6e CTpoKH X vlY ^onojimiTb nyjiaMH 
6jiH>Kaflmero npocToro ^^HCjia p > n. 

Tenepb, b KanecTBe ceMeitcTBa & mm MOJKeM paccMOTpeTb (JsyHKiiiiii fa^b ■ 
i — > (ai + b) mod n, r^e a G {1, . . . , n— 1}, b G {0, . . . , n — 1}. JlerKO npoBepHTb, 
HTO 3T0 ccMeiicTBO yflOBjieTBopaeT onpeflejieHiiio 7. 

TaKHM o6pa30M, nepecTanoBKa n sajiaeTCsi flByMa HHCjiaMH a, 6, KOTopBie 
MOJKeT crenepHpoBaTb AjiHca b caMOM nanajie npoTOKOjia ii nocjiaTb Bo6y. IlpH 
3T0M, OHa nepenijieT Bcero 21ogri 6htob. 

HiaK, MM nojiyniijiH KOHCTpyKLi,HK) npoTOKOjia c pasflejibHMM hctohhiikom 
cjiynaiiHOCTH, onTHMajibHoro c tohkh spenHH KOMMyHHKaii,HOHHOH cjio>khocth h 
pa6oTaK)LLi,ero sa nojiHHOMHajibHoe BpeMH. 3tot npoTOKOji noxojK na npoTOKOji, 
npefljiojKeHHbiii A.Cmhtom, ho b otjihhhc ot nero ne Tpe6yeT nocTpoenHH KNR- 
reHepaTopa^^(^TO o6ecneHHBaeT jiynniyio BbiHiicjiHTejibHyio cjiojKPiocTb), saTO 
HMecT xy^inyio BepoHTHOCTb oinnGKH. 

7 Ta6jiHi],i>i pesyjibTaxoB 

B saKjiiOHeHHe npHBCflCM CBOflKy Toro, ^^to nojiyneHO na ;i,aHHMH momcht 

flJIH SaflaHH 1 O CHHXpOHH3aLI,HII cjjaiijiOB: 



^exepMHHupoBaHHMe OAHopayH^OBBie npoTOKOJiBi 




KOM My HHKari;H- 


BBIMHCJIHTejIbHaH 






OHHaH 


CJIOyK- 


CJIO»CHOCTb 






HOCTb 








oii,eHKa CHH3y 


H{a)n + 


o{n) 




CM.yTB. 1 




oii,eHKa CBepxy 


H(2a)n 


f o(n) 


3KcnoHeHij;HajiBHaH 


CM.yTB. 2. nojiyMCHHe 
jiyMineii BepxHefi oi^en- 

KH — OTKpblTblH BO- 

npoc. 


«rpy5aH koh- 


MCHbrne, 




nojiHHOMHajiBHaa 


CM.yTB. 5 


CTpyKri;H5i» 


H{2a)n 


f o{n) 


(paBHa CJ:0>KH0- 
CTH KOAA) 




«TOHKaH KOH- 


H(2a)n 


f o(n) 


nojiHHOMHajiBHaa 


CM.yTB. 6 


CTpyKLl,H5I» 
(A.OpjlHT- 






(paBHa CJIO>KHO- 
CTH KOAA + 0(n3)) 




ckhh) 











Z^eTepiviHHHpoBaHHBie MHoropayH^OBBie npoTOKOJiBi 




KOMMyHH- 

KaLi,HOHi-iaH 

CJIO»CHOCTb 


BblMHCJIHTejIbHajI 
CJIOiH^HOCTb 


saMC'^iaHHH 


oi^eHKa CHH3y 


H{a)n + o(n) 




CM.yTB. 1 


OLi;eHKa CBCpxy 

(A.OpjlHT- 

ckhh) 


H{a)n + o{n) 


3KcnoHeHLi;HajiBHaH 


CM.yTB. 2 


«TOHKaH KOH- 

CTpyKri;H5i» 


H[a)n + o(n) 


nojiHHOMHajiBHaH 

(paBHa CJIO:^- 
HOCTH KOAA + 
0{L^ -n^)) 


CM.yTB. 7. T^JIH 3TOrO 
HyjKCH nOJIHHOMPiajlb- 
Hblfi KOfl flCKOflMpOBa- 
HH5I CnHCKOM, 6jlH3KHH 

K rpaHHLi,e XsMMHHra. 
HocTpoeHHe TaKoro ko- 
/i;a noKa HBJiseTCH ot- 

KpblTblM BOnpOCOM. 



noflpo5Hee cm. b [S],[2.^i] 
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BepOHTHOCTHBie npOTOKOJlBI 




KOMMyHH- 

KaLI,HOHHaH 

CJIO^CHOCTb 


BblMHCJIHTejIbHaSI 
CJIO»CHOCTb 


3aMeM:aHHH 


ori,eHKa CHusy 


H{a)n + o(n) 




CM. yTB. 8 


KOHCTpyKLI,HH 

A.CMHTa 


H{a)n + o(n) 


no Ji H HO M Ha Ji b H 

{0{n^) flJiH yTB. 11) 


CM. TCOpeMy 3 h yTB. 11 


/i,eKo;];HpoBa- 

HHe CHHCKOM 


H{a)n + o(n) 


nojiHHOMHajibHaH 

(paBtia CJIO:^- 
HOCTH KOAA + 
0{anL^log{anL^)) + 
O(Ln^) ^ 0{n^)) 


CM. yTB. 9. ^JIH 3TOrO 

Hy»ceH nojiHHOMHajib- 

Hblii KOfl flCKOflMpOBa- 
HH5I CnHCKOM, 6jlH3KHH 

K rpaHHLi,e XsMMHHra. 
IlocTpoeHHe TaKoro ko- 
fla noKa sbjihctch ot- 

KpblTblM BOnpOCOM. 



CnncoK JiHTepaTypbi 

[1] Evfimievski A. A probabilistic algorithm for updating files over a commu- 
nication link / / Theoretical Computer Science. — 2000. — February. — Vol. 
233, no. 1-2. - Pp. 191-199. 

[2] Orlitsky A., Viswanathan K. Practical protocols for interactive communica- 
tion / / 2001 IEEE International Symposium on Information Theory. 2001. 
Proceedings. - 2001. - P. 115. 

[3] Tridgell A. Efficient Algorithms for Sorting and Synchronization: Ph.D. 
thesis / The Australian National University. — 1999. 

[4] Orlitsky A. Worst-Case Interactive Communication I: Two Messages are 
Almost Optimal // IEEE Transactions on Information Theory. — 1990. — 
no. 36. - Pp. 1111-1126. 

[5] Orlitsky A. Worst-Case Interactive Communication II: Two Messages are 
not Optimal // IEEE Transactions on Information Theory. — 1991. — 
no. 37. - Pp. 995-1005. 

[6] Orlitsky A. Average Case Interactive Communication / / IEEE Transactions 
on Information Theory. — 1992. — no. 38. — Pp. 1534-1547. 

[7] Orlitsky A . Interactive communication of balanced distributions and of cor- 
related ffies / / SIAM Journal on Discrete Mathematics. — 1993. — Vol. 6. 
- Pp. 548-564. 

[8] Smith Adam. Scrambling Adversarial Errors Using Few Random Bits, Op- 
timal Information Reconciliation , and Better Private Codes / / SODA '07 
Proceedings of the eighteenth annual ACM-SIAM symposium on Discrete 
algorithms. — Society for Industrial and Applied Mathematics Philadel- 
phia, 2007. - Pp. 395 - 404. 

[9] Yao Andrew Chi-Chih. Some complexity questions related to distributive 
computing(Preliminary Report) / / Proceedings of the eleventh annual 
ACM symposium on Theory of computing. — STOC '79. — New York, 
NY, USA: ACM, 1979. - Pp. 209-213. 



24 



[10] Kushilevitz E., Nisan N. Communication complexity. — Cambridge Univ 
Pr, 1997. 

[11] Guruswami Venkatesan, Smith Adam. Explicit Capacity-achieving Codes 
for Worst-Case Additive Errors // CoRR. - 2009. - Vol. abs/0912.0965. 

[12] Orlitsky A. One- Way Comnnmication and Error-Correcting Codes / / IEEE 
Transactions on Information Theory. — 2003. — no. 49. — Pp. 1781-1788. 

[13] Erdds P., L. Lovdsz. Problems and results on 3-chromatic hypergraphs and 
some related questions / / Infinite and Finite Sets. — 1973. 

[14] Alon N., Spencer J.H. The probabilistic method. — Wiley-Interscience, 
2000. 

[15] Bepeiu,aguH H. KoMMyHHKaLi,HOHHaH cjiojkhoctij. — HepnoBHKH jieKii,HH no 
Kypcy "KoMMyHHKaLi,HOHHaH cjiojKHOCTb", MPy. 

[16] Fredman Michael L., Komlos Jdnos, Szemeredi Endre. Storing a Sparse 
Table with 0(1) Worst Case Access Time // Journal of the ACM. — 1984. 
- June. - Vol. 31, no. 3. - Pp. 538-544. 

[17] Dusart P. Sharper bounds for 8, tt, pk'- Universite de Limoges, 1998. 

[18] Atkin A. O. L., Bernstein D. J. Prime sieves using binary quadratic 
forms // Mathematics of Computation. — 2003. — dec. — Vol. 73, no. 
246. - Pp. 1023-1031. 

[19] Sudan M. Algorithmic Introduction to Coding Theory. — MIT course 6.897. 

[20] Guruswami Venkatesan. Algorithmic Results in List Decoding // Founda- 
tions and Trends@ in Theoretical Computer Science. — 2006. — Vol. 2, 
no. 2. - Pp. 107-195. 

[21] Guruswami, V. and Hdstad, J. and Sudan, M. and Zuckerman, D. Com- 
binatorial boimds for list decoding / / IEEE Transactions on Information 
Theory. - 2002. - Vol. 48, no. 5. - Pp. 1021-1034. 

[22] B. B. 3ji6Aoe M. C. IIuHCKcp. CnncoTrHoe KacxaflHoe fleKOfliipoBaHue / / 
IIpoGACMu nepedauu unifjopMa'nuu. — 1981. — Vol. 17, no. 4. — Pp. 29-33. 

[23] Guruswami Venkatesan. List Decoding of Error-Correcting Codes. — 2001. 

[24] Selherg A. An elementary proof of the prime-number theorem // Annals of 
Mathematics. - 1949. - Vol. 50, no. 2. - Pp. 305-313. 

[25] Kaplan Eyal, Naor Moni, Reingold Omer. Derandomized Constructions of 
k-Wise (Almost) Independent Permutations // Algorithmica. — 2008. — 
December. — Vol. 55, no. 1. — Pp. 113-133. 

[26] Atti Nadia Ben, Diaz-Toca Gema M., Lombardi Henri. The Berlekamp- 
Massey Algorithm revisited / / Applicable Algebra in Engineering, Commu- 
nication and Computing. — 2006. — mar. — Vol. 17, no. 1. — Pp. 75-82. 

[27] Baker R C, Barman G, Pintz J. THE DIFFERENCE BETWEEN CON- 
SECUTIVE PRIMES , II // Society. - 2001. - Vol. 83, no. November 
2000. - Pp. 532-562. 



25 



